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Instructions

1. This paper consists of SIX (6) questions.
2. Answer ANY FOUR (4) questions,
3. Show all your working.

4. Start each new major question on a new page and clearly indicate the ques-
tion number at the top of the page.

5. You can answer questions in any order.
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QUESTION 1 [25 Marks]

The solution of the differential equation
y'(z) — 3y (z) + 2y(z} —z =0

with boundary conditions
y(0) =1, and y(1) =0

can be approximated by the polynomial

Y () = co + cox + o + caz® + cazt

Use spectral collocation points with equally spaced collocation points to

show that matrix equation that results from the collocation process is [25 Marks]
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QUESTION 2 [25 Marks]

Consider the Blassius boundary layer flow equation
5 (@) + flz)f" (@) =0
whose boundary conditions are
f0)=0, f(0)=0, f(co)=1

(a) Derive the quasi-linearisation method scheme that can be used to iteratively

solve the Blassius equation [10 Marks]

(b) Tllustrate how the matrix approach of the spectral collocation can be

applied on the quasi-linearisation method and boundary conditions with the transfor-

mations ¥
f®() =Y D f(m) =DF, i=012...,N
k=0
where D is the differentiation matrix and ¥ is the vector of unknowns at

N

the so-called collocation points z; = cos ﬂ) [15 Marks]
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QUESTION 3 [25 Marks]

Consider the following linear partial differential equation with boundary

conditions and initial conditions

oy _ Py, 0y
gt Oz oz 7

y(~1,t) = ¢, y(L,t)=¢, and y(z,0) = ¢

with exact solution y(=z,t) = e @?-1,

Is approximating the solution of the differential equation, consider three equally
spaced nodes g, T1, 2 1N the space variable z and two nodes g, {1

in the time variable ¢ and the approximating function.

Y (z,1) = cpo -+ 1,0 + Ca02” + Coat -+ Crate + co T’

Show that the collocation process leads to the matrix equation
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QUESTION 4 {25 Marks]

Consider the linear system of ordinary differential equations

Lo dw
dx? dz

Tw g
dz?  dx  dx B

subject to the following boundary conditions

u(a) =0, w'(a) =1
v (b) = —1 w(b) = —1

Use the matrix based spectral collocation method with to illustrate how the

linear system can be reduced to a matrix system of the form

Ay A |U Ry
Ay Agy| |W By

In your illustration, give definitions of the matrices and vectors and demonstrate

how the boundary conditions can be imposed on the matrices and vectors. [25 Marks]

QUESTION 5 [25 Marks]

Consider the linear ordinary differential equation

d*u du
1+ 22— + dg— -
( +m)dm2+ :de+2u 0
with boundary conditions
u(—1) = —;—, u(l) = —;—

and exact solution u(z) = 5

Give a sketch of the Matlab code that can be used to solve the differential equation
using a function, say cheb.m for invoking the collocation points x and differentiation
matrix . Your code sketch must include a line for plot the exact vs approximate solution

and residual error profile. [25 Marks]
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QUESTION 6 [25 Marks]

Consider the regular eigenvalue problem
v'(@) +y(z) =0, w€(0,1)

subject to the boundary conditions

Describe how the spectral quasi-linearisation method can be used to solve the

eigenvalue problem 125 Marks]

END OoF EXAMINATION PAPER




