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QUESTION 1 [20 Marks]

a) Find the condition number of f(z) = =+ at z. Discuss if the function is ill-conditioned or
well-conditioned. 5]

b) Let A be a non-singular square matrix. Prove that if A is a scalar multiple of an orthogonal
matrix, then re(A) = 1. [5]

¢) Let A — E ﬂ
a approaches infinity? [5]

. For what values of @ is the matrix A is ill-conditioned? What happens as

d) Prove that for any orthogonal matrix P, x{PA) = x(AP) = x(A) for any n x n matrix A.

[o]

QUESTION 2 [20 Marks)

a) Consider the linear system

ERARE

i) Solve the system with partial pivoting using three decimal place accuracy. {10]

ii) Discuss the results obtained in the first part of this question and any possible solution
to the problem encountered above. [5]

b) Show that the matrix A = Llj g} , is positive definite by verifﬁng that z¥ Az > 0 for all

vectors = [mlJ . 5]

T

QUESTION 3 [20 Marks]

. d
a) Derive Heun’s method {classical RK-method) for —g— = f(t,y(t)). {14}
b) Write down a scheme that could be used to solve the following system of differential equa-
tions

dx ,

E - j (ta X, y)

dy

E =9 (t: z, y) .

using Heun’s method. 6]
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QUESTION 4 {20 Marks]

a) Consider the boundary value problem

u(z)=f(z), O<z<l

subject to

u(0) =, u(l)=48
Using the centered difference approximation, determine the finite difference scheme that
can be used to solve the boundary value problem. Express your scheme in matrix form
indicating the implementation of the boundary conditions. [18]

b) Does consistency and convergence imply stability? [2]

QUESTION 5 [20 Marks]

110
a) Given A= |2 1 5],
03 4
i) find the LU decomposition of the tridiagonal matrix A. ' 6]
. Tt 1
ii) and hence solve A 22| = | 1 [4]
T3 —1
b) Show that the flop count of the LU decomposition is given by [10;
2, 1, 1
8!1 2n - En

QUESTION 6 [20 Marks)

Consider the first order partial differential equation
w4 duy =0, (z,8) € (0,1) x (0,7), u{l=0)=up(x)
with proper boundary conditions and initial condition. Assume that the domain (0,1) x (0,1) is

partitioned into a uniform rectangular grid

a) Derive the upwind scheme for the differential equation. [6]

b) Use the von Neumann technique to determine the conditions under which the scheme is
stable. [14]
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QUESTION 7 [20 Marks)

Consider the 2-D parabolic differential equation
Uy = Uy + Uy, (3"': Y, t) € (O> 1)2 x (O:T)
with proper boundary conditions and initial condition. Assume that the domain (0,1) x (0,1) is

partitioned into a uniform rectangular grid

a) Determine an explicit scheme for the 2-D parabolic differential equation. [6]

b) Use the von Neumann technique to determine the conditions under which the scheme is
stable. [14]

END oF EXAMINATION PAPER_




