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1. This paper consists of TWO sections.

a. SECTION A(COMPULSORY): 40 MARKS
Answer ALL QUESTIONS.

b. SECTION B: 60 MARKS
Answer ANY THREE questions.
Submit solutions to ONLY THREE guestions in Section B.

2. Each question in Section B is worth 20%.
3. Show all your working.

4. Non programmable calculators may be used (unless otherwise stated).
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SECTION A: Answer All Questions

Al. (a) State whether true or false;
i. Under the Newtonian description, motion is described in special cartesian

coordinates system.

ii. Lagrangian mechanics are independent of Newton’s second law.

iii. The number of generalised coordinates required by a system is called the
system’s number of degrees of freedom.

iv. Constraints that can be expressed as a function in terms of the generalized
coordinates and time are said to be non-holonomic.

v. Constraints involved in the motion of a particle on the surface of a sphere and
the motion of gas molecules inside a container are examples of non-holonomic

constraints.
[10]
Oy ;
(b) Prove the cancellation of dots property i ? (9]
4
(¢) The Lagrangian function of a system is given by N
1
§M32 + 2#(?" +776%) ~ "v(”’“ b)?.
i, Determine the cyclic (ignorable} coordinates and find the generahzed mo-
menta conjugate to these coordinates. [4]
ii. Prove that the Hamiltonian of the system is given by
P2 PZ sz 9
2M+2 o 5+ = k(rmb)
(5]

iii. Determine Hamilton’s equations of motion and prove that the equation of
motion corresponding to r is

w(i — ré?) + k(r — b) =0.

(d) Evaluate the poison bracket [¢°p, gp}. 6]

(e) Find the extremal of
1
I= f (") +y +3z%)dz, y(0)=0, y()=1, ¥(O) =1, y¥Q)=1
0
[6]



SECTION B: Answer Any THREE (3) Questions

B2. (a) Prove that if the transformation equations do not depend explicitly on time
t and T is the kinetic energy, then

qugg: = 2T,

(10]
(b) The Lagrangian for a certain dynamical system is given by

: : 1
L= % (7’"2 + 720% + 1% — 27t cos B -+ 2rtf sin 6‘) —mg (~2—t2 — 7 Cos 3) mg(ﬁ"—a)z,

where , 8 are generalized coordinates, ¢ is time and m, g and & are constants.
Using the Lagrangian method, show that the equations of motion for the
system are given by

) k v
. 2 _ N _
i — 70 = (g+1)cosd m(r a),

o g+l

é+2-;~+ sin8 = 0.

(10]

B3. Consider a particle moving on a real line. Let the dynamics of the particle be
determined by the Hamiltonian,

where p and A are real constants.

(a) Write down the Hamilton’s equations of motion for the above system in their

simplest form. [4]
(b) Find a Lagrangian for the system and write down the corresponding La-
grange’s equation of motion. [16]




B4. (a) Prove that for a system whose dynamic behavior defined is by the Hamiltonian
H = H(g;,p;,t), the equation of motion for a dynamic variable flg;,pj,t) is

4 _9f

dt__émghl‘[f: H]

[4]

(b) The Hamiltonian of a two-dimensional harmonic oscillator of unit mass is
given by ) ) .

H = 5(p} +13) + 50™(d} +3)

where w is a constant. Given that f = wq sinwt + p; coswt, show that f is

a constant of motion. 8]

(c) For what values of the constant parameters o and § is the transformation

below canonical?
g = BP%sinQ, p=pFP%cos().

8]
B5. {a) Find the curve y(z) that minimizes the functional
Y oa % 1 1,
| (v +y” +2ye*)dz, y(0) =3, y(1) = g€
[10]
(b) Show that Euler-Lagrange equation for the functional
b
I= / w1+ ()ode,
is given by
gy’ =1+ ()
[10]




B6. (a) Show that if 7" has no explicit dependence on z (i.e 8F/8z = 0) then F =
F(y,v") and the Euler-Lagrange’s equation simplifies to the Beltrami-identity
which is defined by the equation

,OF

C,

where C is a constant. [10]
(b) Use the Beltrami identity to show that the extremum for the integral

a 1 12
I= / +Y dx,
wm=s 2y

is given by

[10]




