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1. This paper consists of TWO seciions.

a. SECTION A(COMPULSORY): 40 MARKS
Answer ALL QUESTIONS.

b. SECTION B: 60 MARKS
Answer ANY THREE questions.
Submit solutions to ONLY THREE questions in Section B.

9. Rach question in Section B is worth 20%.
3. Show all your working.

4. Special requirements: None

THIS PAPER SHOULD NOT BE OPENED UNTIL PERMISSION HAS BEEN GIVEN BY THE
INVIGILATOR.




SECTION A: ANSWER ALL QUESTIONS

Al. {a) Define a metric space. [4]

(b) Let X = C[=1,1] = {f: [-L, 1] = R| [ is continuous}.
Define p: X x X =+ RtV f, g€ X by

plfi9) = f_lif(t) — g(t)|dt.

Compute
i, f(t) =5t and g(t) =0Vt € [-1,1]. 3]
i f(t)=tand g(t) =2—tVt€[-1,1]. 3]

(c) Cousider X = R?. Define dy : X X X — [0,00) by
& (@, 7) = o2, i — vl anddeo(®,7) = max{|z1 — vl |72 — vel}-
If = (—3,4) and § = (20,2). Find
i, deo(Z, ¥)- 3]

(d) Let (X,d) be a metric space and Ac X
i. Define the limit point of A in X. 3]

ii. Define the closure of A. 3]

(¢) Consider the mapping p: X X X — R+ defined by p(z,y) = |z — yl.

Compute
i, By(~1) (3]
ii. Bg(1) 3]
iif. Ss(0). 3]
(f) Prove that f : R? — R? defined by f (z,y) = (%, %) is a contraction on R?
(with respect to the Buclidean metric}. 5]
(g) Define a Homeomorphisim. 4]




SECTION B: ANSWER ANY 3 QUESTIONS

B2. (a) Let X = R(the reals) with metric py defined by

5 z#Y
0, z=y,

polz,y) = {

for arbitrary z, v € R. Describe the open balls:

(b) If X is any nonempty set, and p: X x X — R* is a usual metric on X
defined the function d: X X X — RT by

iz, y) = p(z,y)

1+ p(z,y)
Prove that d(z,y) is a metric on X. where p(z,y) = |z —y|. {11]
B3. (a) State the Banach contraction mapping principle. (6}

(b) Let X = [4,00) with the usual metric for R, and let
[ :[4,00} = R be defined by

f(z) m%(m-}”g«) V x € [4,00).

Prove that

i. f is a contraction mapping on X. 8]

ii. What is the unique fixed point of f. (6]

B4, (a) Let f:R? — R be defined by f(z,y) = 322 + 7y* — 3z + 2y — 6. prove
that f is continuous at (—1,3). (10}

(b) Let X = IR? with the usual metric and {z,}52, € R? is given by
2n = (722, 72} determine whether {z,}32, converges or not.
If it converges, find the limit and prove that the sequence indeed converges

to the Hmit points. [10]




B5. (a) Let X be a nonempty set and suppose that (X, d) and (X, p) are metric

spaces. When do we say that d and p are equivalent? {3]
(b) In R" show that the metric da{z,¥) 1= /Doy |2 — 1% and
doo(2,Y) -l-??“:}{lmi — |, are equivalent, where @ = (21,23, ..., )
i<i<n
and Y= (yi}’yQ! ;yn) ' [7]
(c) State the five consequences when a function f : la,b] — R is continuous. (10}

B6. (a) Prove that every subset of a metric space (X, p) is closed in X if and only
if its complement is open in X. [7]

(L) Let (X, px) be a metric space and let (Y, py) be a subspace of X. Let A
be a subset of ¥. Prove that A is closed in Y if and only if there exists a
set F* which is closed in X such that A=Y N F. [10]

(¢) Let X =R (the reals) with the usual metric, and let ¥ = {1,2] be a
subspace of X. Let A = {1,2). Show that A = [1,2) is not open in X = R(with
the usual metric). (3}

END OF EXAMINATION




