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SECTION A [40 Marks]: ANSWER ALL QUESTIONS

QUESTION Al.

a.) Define a random variable X.

b.) Suppose X : Q@ — R is a random variable that assumes
countably many values ay, az, as, ... € ®. Show that

X is a random variable if X {a;) € ¥ VEkeN.

QUESTION A2.

a.) Define a stochastic process {X;}i>o.

b.) Let X : € — R be a random variable with cumulative
distribution function F(z) given by F(z) = P[X < a.
Show that F is non decreasing and right continuous in .

QUESTION A3.

a.) Define a o-algebra.

b.) Given a probability space (2,3, P’) and a random
vatiable X. When is X said to be 3-measurable.

QUESTION Ad4. _

a.) Define a Brownian Motion and give two (2) financial
industry-based Brownian processes.

b.} Given a Brownian price process B(t). Show that the
increments By, (By, — By,), (By, — By,), ... at distinct times

t;;i=1,2,3, ... are independent.

QUESTION AS5.
a.) Given a market process X (t) whose changes in time is
described by

f% — aX(£) + pX (). moise.”

If noise ~ W (t), give the basic properties of W (Z).

b.) Suppose W (t) ~ B(t). Construct a general solution for X(t).
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SECTION B: ANSWER ANY THREFE QUESTIONS

QUESTION B1
a.) Define an elementary function.

b.) List 3 real valued functions that are elementary functions.

¢.) State and prove Ito isometry for elementary and bounded
function ¢{t,w).

QUESTION B2.

a.) Define an Ito Integral.

b.) List four (4) properties of the Ito integral.
c.) Evaluate the integral I = [T sB%(s)dB(s).

QUESTION B3.
a.) Define an arbitrage market.
b.} Consider the market process X (¢} given by

dX,1(8) = 2dt -+ dBy(£), dXs(t) = —dt + dBy(t) + dBs(t).

If dXu(t) = 0, show that a portfolio 8(f) = (6y,1,1) should
be allowed to do business in X (¢).
c.) Find the value process V9(t) at expiration time ¢ = 7.

QUESTION Bd4.
a.) Define a martingale.
b.) Use Ito’s formula to prove that if

dZ(t) = Z(t)0(t,w)dB(t)
then Z(t) is a martingale for all £ <7 provided that
Z()0(t,w) € v(0,T) 1<k <n.
QUESTION B5.

a.) Use Ito’s formula to write X (¢) in the form

dX () = u(t, w)dt + v(t, w)dB(t)
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(i) X(t) = 4B*(t). [4 marks]
(i) X(t) =2+t + 50, [4 marks]
b.) Find the solution to the Black-Scholes equation

dS(t) = 25(t)di -+ 0.25(t)dB(t); S(0) =10

representing the change in price S(¢) of an option trading
in an African stock market at time ¢ € [0,¢]. [12 marks]

END OF EXAMINATION




