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SECTION A [40 Marks]: ANSWER ALL QUESTIONS

QUESTION A1 [40 Marks]

Al (a) Suppose that X, X;,... X, and Y1, Y,,... Y, are independent random samples from
populations with means gy and p; and variances o7 and o2, respectively. Show that
the random variable - :

b =V = (= )
" (of +a3)/n
satisfies the conditions of the Central Limit theorem and that the distribution function
of U, converges to a standard normal distribution function as n — co.

[6 Marks]

{(b) Xi,Xs,...,X, is 2 random sample from the uniform distribution between 8 and 1 (i.e.
Jx) = (1 —80)"for § <z < 1), where 8(< 1) is an unknown parameter. Denote the

sample mean by X. Show that the method of moments estimator, #, of @ is

2X — 1.
[5 Marks]
(c) Let X3,...,X, , n > 4, be a random sample from a population with a mean 1 and
variance ¢°. Consider the following two estimators of s
|
191 = "g (Xl +2X2+5X3+X4),
ég == _X—
Calculate the relative efficiency e(éz, 631) Interpret.
[5 Marks]

(d} A large-sample a—level test of hypothesis for‘ Hy 10 = 0y versus H, © 8 > 0y rejects the
null hypothesis if .

Show that this is equivalent to rejecting Hy if 6 is less than the large-sample 100(1—a)%
lower confidence bound for 4.

| [5 Marks]
(e) Write down the four clements of a statistical test.
[4 Marks)

(f) Auditors are often required to compare the audited (or current) value of an inventory
item with the book (or listed) value. If a company is keeping its inventory and books
up to date, there should be a strong linear relationship between the audited and book
values. A company sampled ten inventory items and obtained the audited and book
values given in the accompanying table.
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Itern  Audit Value (y;) Book Value (z;)
1 9 10
2 14 12
3 7 9
4 29 27
) TT4h 47
6 109 112
7 40 36
8 238 241
9 60 Y
10 170 167
Fit the model Y = fy + fiz + £ to these data.
[10 Marks]

(g) Let X be a binomial random variable with parameters n and p. Assume that the prior

distribution of p is uniform on [0,1]. Find the posterior distribution, f(p|z).

[6 Marks]

~
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SECTION B: ANSWER ANY THREE QUESTIONS

QUESTION B2 [20 Marks] .

B2 {a) A study of parallel interchange ramps revealed that many drivers do not use the entire
length of parallel lanes for acceleration, but seek, as soon as possible, a gap in the major
stream of traflic to merge. At one site on the highway, 46% of drivers used less than
one third of the lane length available before merging. Suppose we monitor the merging
pattern of a random sample of 250 drivers at this site.

(i) What is the probability that fewer than 120 of the drivers will use less than one
third of the acceleration lane length before merging?

[3 Marks|

(i) What is the probability that more than 225 of the drivers will use less than one
third of the acceleration lane length before merging?

[3 Marks]

(b) Let Xi,..., X, be independent and identically distributed random variables with vari-
ance 0% < co. If

1 o -
8= -0 (X - X)?
i=1

is the variance of a random sample from an infinite population, show that S? is an
unbiased estimator for o2.

[8 Marksj

(c) The reaction of an individual to a stimulus in a psychological experiment may take one
of two forms, A or B. If an experimenter wishes to estimate the probability p that a
person will react in manner A, how many people must be included in the experiment?
Assume that the experimenter will be satisfied if the error of estimation is less than
0.04 with probability equal to 0.90. Assume also that he expects p to lie somewhere in
the neighborhood of 0.6. '

{6 Marks]|
QUESTION B3 [20 Marks]
B3 (a) Let Xj,..., X, be a random sample from a population with pdf
Lol=edfe for 0 <z < lja>0
flz) = | .
0, otherwise
Show that the maximum likelihood estimator of e is & = —{1/n) 3> | In(X;). (5
Marks]
n
(b) Now suppose f(z,8) = %e“‘“/g,w >0,and X = %ZXﬁ
=1
i. Show that X is an unbiased estimator of 8. [5 Marks]
il. State the factorisation criterion for sufficient statistics and use it to show that X is
sufficient for 6. [5 Marks}

ili. State the Cramer-Rao inequality for unbiased estimators of #. Show that X attains
the lower bound for the distribution above. Explain what that means regarding the
efficiency of X as an estimator of . [5 Marks]
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QUESTION B4 [20 Marks]

B4 {a) In the data set below, W denotes the weight (in pounds) and { the length (in inches)
for 15 alligators captured in central Florida. Because [ is easier to observe than W for
alligators in their natural habitat, a researcher would like to construct a model relating
weight to length. Such a model can then be used-to predict the weights of alligators of
specified lengths.

Alligator length(l) Weight (W)

1 47.94 130.32
2 36.97 50.91
-3 75.94 - 639.06
4 30.88 27.94
5 45.15 79.84
6 46.06 109.95
7 31.82 33.12
8 42.94 90.12
9 33.12 35.87
10 35.87 38.09
11 66.02 365.04
12 43.82 83.93
13 40.85 79.84
14 41.68 83.10
15 43.82 70.12
Fit the model E(W) = qql®t.
[10 Marks]
(b) Given the data,
r oy
-2 0
-1 0
g 1
1 1
2 3
and
17/35 0 —1/7
(xXv)'=| 0 110 o |,
/7 0 1/14
Fit the model Y = By + Bz + foz? + ¢
[10 Marks]

QUESTION B5 [20 Marks]

B5 (a) A psychological study was conducted to compare the reaction times of men and women
to a stimulus. Independent random samples of 50 men and 50 women were employed
in the experiment.The results are shown in Table below.

Men Wormen
ny = 50 ny = 50

Uy = 3.6 secends 4, = 3.8 seconds
s7=0.18 g5 == 0.14
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(i) Do the data present sufficient evidence to suggest a difference between true mean
reaction times for men and women? Use « = 0.05.

. [6 Marks]
(i1) Find the p-value for the statistical test.
[2 Marks}
(b) State the Neyman-Pearson lemma. '
[4 Marks]

(c} A random sample of size 36 from a population with known variance, ¢? = 9, yields
a sample mean of T = 17. Compute the type II error # for testing the hypothesis
Hy: =15 versus H, : pp = 16. Assume o = 0.05.

[8 Marks]
QUESTION B6 [20 Marks)
B6 (a) In Bayesian inference define what is meant by a conjugate prior distribution.
[3 Marks]
(b) Let Y3, Ys,...,Y, denote a random s‘a,mple from a Bernoulli distribution where
PY;=1)=pand P(Y;,=0)=1—p,
and assume that the prior distribution for p is beta{a, 8), i.e.
Mat@) o—171 _ .7B~1 y
Fly) = INCIN L (1-—yft, 0<y<l,
0, otherwise.
(i) Find the posterior distribution for p.
_ [12 Marks]
(i) Find the Bayes estimators for p.
[5 Marks]

END OF FIXAMINATION PAPER
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Table AlV.2 Standard Norms Table

Area betweenOand z

= 04997

. 04997 04598
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Table AIV.3 r-Table
Right Tail Probabilities
0,324920 1.000000 3.077684 31.82052 6365674 6366192
0.288675 0.816497 1885618 6.96456 9.924B4  31.5991
0276671 0764892 1.637744 4.54070  5.8409N 12.9240
0270722 0.740697 1533206 374695  4.60409 '8.6103
0267181 0726687 1475884 336493 403214 6,8688
0.264835 0.717558 1439756 3.14267  3.70742 59588
0263167 0711142 1414924 299795  3.45948 5.4079
0261921 0706387 1396815 2.89646  3.35539 5.0413
0260955 0.702722 1.383029 282144 3.24984 47809
0260185 0699812 1.372184 276377  3.16927 4,5869
0.259556 0.697445 1.363430 271808  3.,10581 44370
'0.259033  0.595483 1.356217 268100 3.05454 43178
0.258591 0.693829 1350171 265031 3.01228 42208
0.258213 0.692417 1.345030 262449 297684 4,1405
0257885 0691197 1.340606 260248  2.94671 40728
0.257599 0.690132 1336757 258349 292078 4.0150
0257347 0689195 1333379 2.56693  2.89823 3,9651
0257123 0.688364 1330391 255238 287844 3.9216
0.256923 0.687621 1327728 " 253948 2.86093 3.8834
0.256743 0.686954 1,325341 - 252798  2,84534 3.8495
0.256580 0.686352 1323188 251765 283136 3.8193
0.256432 0685805 1321237 250832 2.81876 3.7921
0.256297 0.685306 ~ 1.319460 | 249987  2.80734 3.7676
0.256173 0.684850 131 7836 249216 279654 3.7454
0.256060 0.684430 1316345 248511 278744 3.7251
0.255955 0.684043 1314972 © 247863 277871 3.7066
0255858 (683685 1313703 247266  2.77068 3.6896
0255768 0.683353 1.312527 246714 276326 36739
0.255684 0683044 1311434 246202  2.75639 3.6594
0,255605 0.682756 1.310415 245726  2.75000 3.6460
10.253347 0.674490 1.281552 232635 257583 3.2905
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Table AIV.4 Chi-Square Probabilities

4% 1075 16x10~5

0010 0020
0072 0115
0.297

0.016
0211
0.584
1.064
1610
2204
2.833
3.490
4168
4,865
5578
6304
7.042
7.790
8.547
9,312

10,085 -

10.865
11651

212,443
T 13.240

14.041
14.848
15,659
18473
17.292
18.114
18.939
19.768
20,599
29,051
37.689
45,459
55.329
64278
73.291
82.358

2.706

4.605
6.251
7779

£ 9236

10.645
12.017
13,362
14,684
15.987
17.275
18.549
19812
21.064

22.307

23.542
24,769
25.989
27.204

28412

29615
30.813
32.007
33.1%6

34382

35.563
36.741
37916
35.087

40256

51.805
63.167
74.397
85.527

96.578

107.565
118.498

3841
5.991

7.815
9.488

11.070

12,592
14.067
15.507
16.919

18307 ©

19.675
21.026
22362
23.685

24.996 -

26.296
27587
28.869
30.144
31410
32,671
33.524
35172
36415

37652

38.885
40,113
41.337
42557
43,773

' 55.758

67.505
79.082
90.531

124342

5.024
7.378
9,348
11.143
12,833
14,449
16.013
17535
19.023
20,483
21.920
23.337
24.736
26,119
27.488
28.845
30191
31526
32852

134,170

35479
36.781
38.076
39.364

40646 :

41923
43.185
44461
45,722

46979

59342
71420
83.298
95.023

101.879 5106629

113.145

118.136
129,561

130578 32801 4

6.635 7.879

9210 10.597
11345 12,838
13277 14.860
15,086 © 116750
16812 18548
18475 20278
20090 21,955
21666  23.589
23209 25788 ¢
24725 26757
26217 28300
27688  29.819
29141 31319

32000 34267
33409 35718

34805 37156

100425 104215
112329.116.321;
124116 128299
135807 140.169




