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UNIVERSITY OF HKSWATINI

MAIN EXAMINATION, 2018/2019

BASS IV, B.Ed. (Sec.) IV; B.Sc IV

Title of Paper : Metric Space

Course Number : M431/MAT434

Time Allowed  : Three (3) Hours

Instructions

6.
7.

This paper consists of SIX (6) questions in TWO sections.

Section A is COMPULSORY and is worth 40%. Answer ALL questions
in this section.

Section B consists of FTVE questions, each worth 20%. Answer ANY THREE
(3) questions in this section.

Show all your working.

Gtart each new major question (Al, B2 - B6) on a new page and clearly

indicate the question number at the top of the page.
You can answer questions in any order.

Indicate your program next to your student 1D.

Special Requirements: NONE

THIS EXAMINATION PAPER SHOULD NOT BE OPENED UNTIL PERMISSION HAS
BEEN GIVEN BY THE INVIGILATOR.
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SECTION A [40 Marks: ANSWER ALL QUESTIONS
QUESTION A1 [40 Marks|
Al (a) i Define a metric space. {5 marks]
ii. Consider X = R. Define d: X x X — [0, 00) by d{z,y) = |22 — 4.
Verify whether or not 4 is a metric on R. i3 marks)
(b) Let (X,d) be a metric space and A C X. Define the following terms:
i. an open ball in X. [2 marks]
ii. A is an open set in X. [2 marks]
iii, interior point of A in X. [2 marks|

iv. limit point of A in X.

(c) Write True/Halse in each of the following questions:

i. Let (X, d) be a complete metric space and S € X. Then A is complete

if and only if A is not closed.

ii. Let f :[a,b] = R be continuous. § is uniformly continuous on la, b

(d) Let (X, d) be a metric space.
i When do we say that (X, d) is a complete metric space.

ii. Define a contraction mapping on (X, d).
{ii. State Banach Contraction Mapping Principle?

iv. Let f:R? = R? be defined by flz,y) = (%, 1;—) Show that fis a

contraction on R? (with respect to the Euclidean metric).

() i. Find the limit of the sequence

(1 T )
z =1 —=,——1}
" n'n+1

{i. Let X = R (the real) endowed with the usual metric. Let F = (0,00).

Show that 0 is a limit point of £.

[2 marks|

12 marks)

i2 marks]

[3 marks]
[3 marks]

{4 marks]

[5 marks}

[2 marks]

[3 marks}




D 51ED
L2V " p X ﬂ

UNESWA MAY/JUNE EXAMINATIONS ACADEMIC YEAR 2018/2019
COURSE NAME AND CODE; MA431 /MAT434 METRIC SPACE PAGE 2

SECTION B: ANSWER ANY THREE QUESTIONS

QUESTION B2 [20 Marks]

B2 (a) Let X =R? for each (z1, 22}, (Y1, 30) € X,
define dl XX >R by dl((&?],.’ﬂg), (yl,yz)) = \331 - y1| + l.’Ez — yz‘.
Show that d; is a metric on X. [11 marks)
(b) Let X = R{the real line) with metric po defined by
[ Lx#y
Po(ﬂf,y) - { 0’ T =Y

for arbitrary o,y € R. Find the following open balls:
(i) B%(l); (i) Ba(1); (iil) By(5). 9 marks]

QUESTION B3 [20 Marks]

B3 Let (X,d) be a metric space.

(a) Prove that an arbitrary union of open sets in X is open in X. [7 marks]
(b) Prove that every open ball B{z,r) C X is an open sef in X. {7 marks]
(c) Let X = R? and dy, do be metric in R?.

If (z1,71) = (—3,4) and (zq,72) = (20,2). Find

Lo da((z1,0), (20, 0)) = V{1 — ) {2 — y2)% 3 marks]
i, doo((21,%1), (%2, 92)) = max{|z1 — %1} |2 — val}- '3 marks]

QUESTION B4 [20 Marks]

B4 (a) Let (X, px) and (Y, py) be any two metric spaces. Define a continuous
mapping J : (X, px) = (Y, pv)- [5 marks|
(b) Let (X, px) and (¥, py) be any two metric spaces. Let f: X =Y be
defined by f(z) = yo(constant) for all z € X. Prove that f is continuous.  [6 marks]|
Let [ : R? = R be defined by

Fla,y) = 22 gin (%) + y? sin (%) for z # 0 and y # 0
0’ fOl'ﬂE:Oandyzo

Prove that [ is continuous at (0,0). 19 marks]

QUESTION B5 [20 Marks]

B5 (a) Let (X, d) be a metric space and for any z,y,w, 2 € X,

Prove that
d(:ﬂ,’y) - d(w) z) < d(w1 3‘) + d(za 'U)
[5 marks]
(b} Let {@,} and {yn} be Cauchy sequences in a metric space (X, d).
Prove that 1im d(z,, ) exists. [8 marks]
n—00

(¢) Let C'S(X) be a set of Clauchy sequence in a metric space (X,d).
For any {2y}, {yn} in CS(X), define a relation ” ~ " to mean that
{zn} ~ {yn} if lim d(zn, ya) = 0. Prove that ~ is an cquivalence relation. {7 marks|
N0
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QUESTION B6 [20 Marks]

B6 (a) Let (X, d) be a complete metric space and £ C X. Prove that F is complete if and
[10 marks]

only if F is closed.

(b) Let K be a subset of a metric space X. Under what condition is K compact?{4 marks|

(¢) Define a Homeomorphism. [6 marks)

END OF EXAMINATION




