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Instructions

L. This paper consists of SIX (6) questions in TWO sections.

2. Section A is COMPULSORY and is worth 40%. Answer ALL questions
in this section.

3. Section B consists of FIVE questions, each worth 20%. Answer ANY THREE
(3) questions in this section.

4. Show all your working.

5. Start each new major question (Al, B2 - B6) on a new page and clearly
indicate the question number at the top of the page.

6. You can answer questions in any order.

7. Indicate your program next to your student ID.
Special Requirements: NONE
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SECTION A [40 Marks]: ANSWER ALL QUESTIONS

QUESTION A1 [40 Marks)

Al (a) Let f(z) =1+ z — /1 — z. Rewrite this function to an equivalent form that seeks
to avoid loss of significance when z is small. [3 Marks]

(b) Consider the linear system

4 0 2 Z 4
05 2 z2 | =1 =3
5 4 10 T3 2

Starting from the initial approximation zo = (0,0, 0), use two (2) iterations of the
Gauss-Siedel iteration method to approximate the solution. [7 Marks]

(c) Use the Newton divided-difference formula to compute the cubic interpolating polyno-
mial P3(x) for the function f(z) = 2% using interpolation points

zo=0, z1=1, 29 =2 and z3 =3

: [7 Marks]
(d) Use the quadrature formula.
/1f($)dw—f( )+ (%)
1 V3 V3
T
to approximate the integral / z2e® dx [3 Marks]
—1

(e) Use the Naive Gaussian Elimination Method to find the LU factorisation of the matrix
A in which L is a unit lower triangular matrix and U is an upper triangular matrix

4 -6 -5
4 -5 -5
-8 2 -6
[8 Marks]
(f) Derive the approximation formula
1
@) = oo [4f (s + ) = 3/ (z) — f(z +2h)]
hz
and show that its error term is —3~f y [6 Marks]

(g) Starting with zp = 0, perform two iterations to find an approximate
root of the equation 2® — 42 + 1 = 0, using the Newton’s method (6 Marks]
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SECTION B: ANSWER ANY THREE QUESTIONS

QUESTION B2 [20 Marks]

B2 Consider the function

that is to be solved in the interval [0, 1].

(a) Show that the function has exactly one root in the interval [0, 1]. [4 marks]
{(b) State the fixed point theorem [4 Marks]
(c) Show that z = g(z) = ¢ has a unique fixed point in [0,1] for any initial

guess z € [0,1]. [4 Marks]

(d) Show that the Newton's method iteration scheme for finding the
root of f(z) is

S 222 + 12
2%, + e®n
[4 Marks]
(e) Starting from o = 0, apply four iterations of the Newton’s method to approximate
the root of f(z) = 0. [4 Marks|

QUESTION B3 [20 Marks]

B3 (a) Given that the standard single-precision floating point representation of a machine

number is
(_1)3 w (1-f)2 % 2c-127

Determine the machine representation of the number —125.234375. (7 Marks]
(b) Determine the decimal number that has the following single precision representation
| 1 [ 10001011 | 00000011011100000000000 |

[7 Marks]
(c) How can accurate values of the function '

flz) =z —sinz

be computed near z = 07 (6 Marks]
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QUESTION B4 [20 Marks]

B4 (a) Use Taylor series expansions to derive the following difference formula

o)~ —flz+2h) + 8f(z + hl)zm]; 8f(z — h)+ flz — 2h)

[6 Marks]

(b) Let f(x) = sinx, where z is measured in radians. Calculate approximations to
f'(0.8) using the formula in (a) with A = 0.1 (Work with six decimal places) [4 Marks]

(¢) The 3-Point formulas for approximating f'{z) are given by
- F(@) = 513 (zo) + 4w + B) — (2o +2h)]
@) = 5z[=f (o ~ )+ fwo + B

(26) = 51 (0 — 24) — 47 (@ — ) + 3f(a)]

Given the following times and distances
Time 0| 3 5 8 10 | 13
Distance | 0 | 225 | 383 | 623 | 742 | 993

Use h = 5 and the three-point formulas above to show that the speeds at each time are
given by

Time | 0 3 5 3 10 13
Speed | 79 | 82.4 | 7T4.2 | 76.8 | 69.4 | 71.2

[10 Marks]

QUESTION B5 [20 Marks]

B5 (a) Find the LU factorisation of the matrix A in which L is a unit lower triangular matrix
and U is an upper triangular matrix

4 —6 -5
A=14 -5 —5
-8 2 —6

[12 Marks]

(b) Use the LU factorization in (a) to solve the linear system

4y — Bxy — Bxg == —50
dxy — bxy — by = 47
—81131 -+ 23}2 - 6.’133 =6

[8 Marks]
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QUESTION B8 [20 Marks)

1
B6 (a) Use the Trapezoid method to estimate the integral / ¢~ using a step size
0
of h =0.25. [4 Marks]

(b) Determine a formula of the form

h
/D F() dz = w0 f(0) -+ wn F(R) + waf"(0) + ws f(R)

that is exact for polynomials of as high a degree as possible. [6 Marks |
(c) Construct a quadrature rule on the interval |0, 4] using the nodes 1, 2, 3. [8 Marks |

(d) Use the quadrature formula derived in (c¢) above to compute the integral

IS
1) 1‘f"£l':2

12 Marks]
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