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1. This paper consists of TWO sections.

a. SECTION A(COMPULSORY): 40 MARKS
Answer ALL QUESTIONS.

b. SECTION B: 60 MARKS
Answer ANY THREE questions.
Submit solutions to ONLY THREE questions in Section B.

2. Each question in Section B is worth 20%.
3. Show all your working.

4. Special requirements: None.

THIS PAPER SHOULD NOT BE OPENED UNTIL PERMISSION HAS BEEN GIVEN BY THE
INVIGILATOR.



SECTION A: ANSWER ALL QUESTIONS

Question 1

(a) Consider a set A C R,
(i) When do we say that a set A is bounded? 3]

(i) Give example(s) of sets which are (I) bounded below not above and (II)
bounded neither above nor below. 3]

(i11) Define supremum and infimum of a set A.

)

(iv) Let S be a set. Prove that supremum of S if it exists, is unique.

B

(b) (i) Give the ¢, N definition for the convergence of a sequence < a, > to a number

L. 3]

(i1) Using €, N definition show that T}ggo il =2 [5]
(i) Define limit point and limit of a sequence.

Limit point of a sequence is different from limit of a sequence. Do you agree

with this statement? Support your answer with an example. 4]

o0
(¢) True or false? If lim a, = 0, then the series > a, is convergent. Explain your
00 n=1

answer. [3]

(d) Let f:[a,b] = R be a function and let ¢ € (a,b).
(i) True or false? If f is continuous at ¢, then f is differentiable at ¢. Explain
your answer. (3]
(i1) When do we say that the function f is uniformly continuous? Explain your
answer.

Explain the major distinction between continuity and uniform continuity.

)

(i) Define the left-hand derivative of of [ at c.

G

(e) State the Riemann’s integrability criterion. [3]




SECTION B: ANSWER ANY 3 QUESTIONS

Question 2

(a) Show that for any z,y € R, |z +y|* + |2 — y|* = 2|2{* + 2|y[*. 6]
(b) If z is a limit point of aset A and A C B, then z is also a limit point of B. [6]

(c) By finding the left-hand and right-hand derivatives of

2?sint when z # 0
fla) = ’
0 when = 0

determine f'(0). 18]

Question 3
(a) Find the limit superior and limit inferior of the sequence
< (M@ 43 > 6]
(b) Ifa, =1+ (——2»:71, find the least positive integer m such that
la, — 1] < 1L Y > m. 6]

10%

(c) Prove, by definition, that the sequences whose terms are given by

— is a Cauchy sequence. 8]

Question 4

o0

(a) True or false? If the series Y a, is convergent, then it converges absolutely.
n=]

Explain your answer. (7]



(b) State the conditions for the alternating series
oo
Z(—-l)”“an:al —ay+az—ag+ - (a, >0 Vn)
n=1

to be convergent. 13]

o0 .
(c) Let > a, be series of positive terms. Name at least three tests for convergence
n=x]

of this series. [3]

(d) Prove that a series of positive terms ether converges or diverges to oc. 7]

Question 5

242
(a) Let f(z) = %:—i’ then given € > 0, find a real number § such that
T
|f(x) — 2| < € whenever 0 < |z| < 0. 6]
(b) Prove that the limit of a function at a point, when it exists, is unique. {4

(c) Show that the function defined by f(z) = z? is uniformly continuous on [~2, 2].

8]

Question 6

(a) Let f(z) = z for z € [0,1] and let P = {0, -, -, 1} be a partition of [0,1].
Compute U(P, f) and L(F, f). i8]

Lo

I

(b) Let f:[-1,1] — R be given by
—z whenz <0

f(ﬂ?)=l£l:{

z whenz >0

Show that f is Riemann integrable and find fll f(z)dzx. [12]
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