UNIVERSITY OF SWAZILAND

EXAMINATION, 2017 /2018

BASS 11, B.Ed (Sec.) II, B.Sc. 11

‘Title of Paper : Foundations of Mathematics
Course Number : MAT231/M231

Time Allowed  : Three (3) Hours

Instructions

1. This paper consists of SEVEN (7) questions in TWO sections.

2. Section A is COMPULSORY and is worth 40%. Answer ALL
questions in this section.

3. Section B consists of FIVE questions, each worth 20%. An-
swer AN Y THREE (3) questions in this section.

4. Show all your working.

5. Start each new major question (A1, A2, B2, ..., B6) on a new
page and clearly indicate the question number at the top of
the page.

6. You can answer questions in any order.

Special Reciuirements: NONE

THIS EXAMINATION PAPER SHOULD NOT BE OPENED UNTIL PER-
MISSION HAS BEEN GIVEN BY THE INVIGILATOR.
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SECTION A [40 Marks]: ANSWER ALL QUESTIONS

QUESTION A1 [20 Marks)

((a) Define each of the following.
i. A proposition.
ii. A tautology.
iii. A relation from a set A into a set B.
iv. A partial order on a set A.
v. A function from a set A into a set B.
vi. A one-to-one function f : A — B.
vii. An onfo function f : A — B.
(b) i What does it mean to say that the sets A and B have the same cardi-
nality?

ii. Let A be a set. Explain what it means to say A is finite and define the
cardinality of a finite set.

QUESTION A2 [20 Marks])

(a) Write down (i.) the inverse, (ii.) the converse, and (iii.) the contrapositive
of the following statement.

“If I'm wearing my lucky hat, then I will pass this exam."

(b) Let p(x) : x > —1 and g(x) : x € {0,1,2} be predicates. Find the truth
values of the following propositions.

i p(1) = g(=1) i p(1) A-p(=1) i =(p(2) vV g(2)).

(c) Forx,y € R, let p(x,y) be the predicate x < y. Determine the truth values
of the following propositions.

i (Vx) (Jy)p(x,y) ii. (3x) (vy)p(xy)
(d) Find ~{(vx) (3y) [p(x,y) A (Fy)—q(y)] }.

END OF SECTION A -~ TURN OVER
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SECTION B: ANSWER ANY THREE QUESTIONS |

QUESTION B3 [20 Marks]

(a) Show that the following compound proposition is a tautology. / (4)
(P =) A=g] = =p.

(b) Use a truth table to determine whether or not the following argument is
valid. - (5)

pPVq

p—q

p—r
ST

(c) Use fundamental logical equivalences (not truth tables) to prove the fol-
lowing logical equivalence. (5)

(p—=r)A(g—r)=(pVyg) —r

(d) In each of the following, state whether the argument is valid or not. If
valid, state the rule of inference that guarantees its validity. Otherwise,
state whether the inverse or converse error is made.

i. If all students are happy, then there is no class boycott.
There is no class boycott.
Therefore, all students are happy. ' ' )

ii. If I am well prepared, then I will pass this exam.
I am not well prepared.

Therefore, I will not pass this exam. ' 2)
iii. If Sipho passed his exams, then Sipho is happy.

Sipho is not happy.

Therefore, Sipho did not pass his exams. 2)

TURN OVER
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QUESTION B4 [20 Marks]

(a) Prove: If x? is odd, then x is odd. ()
(b) Prove: The square of any integer is of the form 4k or 4k + 1 for some integer k. (5)
(c) Prove: The set of prime numbers is infinite. (5)

(d) Leta,b,c € Zwitha #0,and b # 0. Prove: Ifa | band b | ¢, thena | c. ()

QUESTION B5 [20 Marks]

(a) Let A and B be sets in a universal set U. Prove each of the following.

i, ANBC A - 3)
ii. ACBifandonlyif ANB = A. (6)
iii. (AUB)® = A°N B (6)
(b) i. Define a partition of a set A. (2)
ii. Let A ={1,2,3,4,5,6}, Ay = {1}, A, = {2,3}, A5 = {4,5,6}. Show
that { Ay, Ay, A3} is a partition of A. (3)
QUESTION B6 [20 Marks]

(a) Let A be a set of nonzero integers and define the relation ~ on A x A by
(a,b) ~ (c¢,d) whenever ad = bc. Show that ~ is an equivalence relation
on A X A. | | (6)

(b) Let A ={1,2,3,4,5,6}. Given that the relation R on A defined by

R={(1,1),(1,5),(2,2),(2,3),(2,6),(3,2),(3,3),(3,6), (44),
(5,1),(5,5),(6,2),(6,3),(6,6)}

is an equivalence relation, find the equivalence classes o‘f R. (4)
(c) Determine whether or not each of the following relations is a function
from A ={1,2,3} to B = {a,b,c}. Explain your answer. (2,2
i. f=4(1,a),(2,b),(3,b)}. i. g={(1,4),(2,b),(1,0)}.

(d) Let & be a collection of sets. Let R be the relation on & defined by
(A,B) € Rif and only if A C B. Show that & with this relation is a
poset. | | (6)

TURN OVER
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QUESTION B7 [20 Marks]

(a) Let f(n) = 2% — 1. Use mathematical induction to prove that f(n) is
divisible by 3 for all integers n > 1. ‘ ,

(b) Use strong induction to prove: Any integer n > 1 can be written as a product
of prime numbers.

(b) i. Prove that the composition of two injective functions is also injective.

ii. Prove that the composition of two surjective functions is also surjec-
tive.

END OF EXAMINATION PAPER
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