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Instructions

1. This paper consists of TWO (2) Sections:

a. SECTION A (40 MARKS)
- Answer ALL questions in Section A.
b. SECTIONB
— There are FIVE (5) questions in Section B.
- Each question in Section B is worth 20 Marks.
- Answer ANY THREE (3) questions in Section B.
- If you answer more than three (3) questions in Section B, only
the first three questions answered in Section B will be marked.

2. Show all your working.
Special Requirements: NONE

THIS EXAMINATION PAPER SHOULD NOT BE OPENED UNTIL PERMISSION HAS BEEN
GIVEN BY THE INVIGILATOR.



SECTION A: ANSWER ALL QUESTIONS

QUESTION A1

(a) Find the greatest common divisor of the polynomials

f(x):x4 +4x> +7x* + 6x+2 and
g(x)= x* +4x" +7x + 4
over @ and express it as a linear combination of f(x) and g(x).
( 8 marks)

(b) Provethatif Ris aring with unity and N is an ideal of R containing a unit, then
N=R. ( 6 marks)

(¢ Describe all units in each of the following rings:

(0 Z
() ZxIxZ ( 6 marks)



QUESTION A2

(a)

(b)

(0

State whether or not each of the given function v, is an Euclidean valuation for
the given integral domain

() n)=n" fornonzero n e Z,

(i) v(a) = So for non-zero values a € @.
( 8 marks)

State Kroneckers theorem. ( Do not prove) (4 marks)

Giventhateveryelement fof £ = F (oc) can be uniquely expressed in the form

B=by+b c+b,c’ +..+b "

where each of b, € I, «c algebraic over the field ' and deg(oc, F ) 21

Show that if F'is finite with g elements, then £ = F° (oc) hasg” elements.
( 8 marks)



SECTION B: ANSWER ANY THREE QUESTIONS

QUESTION B3

(a) Use Fermats theorem to compute the remainder when 8'** is divided by 13.
( 6 marks)

(by For each of the given algebraic numbersa € C find irred(oc,Q') and

deg(«c, @).
() 3+

(9 \/é—ﬂﬁ

(¢) Showthatifapolynomial f(x) eZ[x] is reducible over @ then its also reducible
over 7

( 6 marks)



QUESTION B4

(a)

(b)

(c)

Show that for a field F , the set of all matrices of the form

a a
( 1 12) a, cF
0 0

is a right ideal but not a left ideal of M, (F ) (6 marks)

Let ¢, Z;[x] — 4, . Evaluate each of the following for the indicated evaluation

homomorphtsm:

(i) ®, (3x79 +5x7 + 2x43)
i o [(x3 +2)(4x? +3)(x7 +3x% + 1)]
(10 marks)

Show that if D is an integral domain, then D{x] is also an integral domain.
(4 marks)



QUESTION BS

(a)
(b)

(©)

Prove that every field is an integral domain. ( fr\narks)
Gri-e.
Which of the following /I\‘ings with the usual addition and multiplication

) {a-ﬁ—bx/gra,bez??

(ii) M, (1{) with zero determinant. (8 marks)

Mark each of the following true or false:

(i) Every finite integral domain is a field
(i)  Every division ring is commutative
(iliy ~ #; is not an integral domain
(6 marks)



QUESTION B6

(a) Classify each of the given oz € ' as algebraic or transcedental over the given field F .

Ifoc is algebraic over I, find deg(oc, F )

@) c=1+i , F=¢

i) ow=vz , F= Q[ 7]

(i) o=a> =

vy oc=x* , F= Q(;r )

v) = F= Q(zr)

(10 marks)

(b)  Show that the ring Z, x Z; is not a field. (5 marks)
(c) Find a polynomial of degree > 0 inZ, [x] that is a unit. (5 marks)



QUESTION B7

(a)  Suppose F' isafield, f isanirreducible polynomial over /' and g,/ are polynomials
over fsuchthat f divides gh. Show thateither f divides gor f divides 4.

(10 marks)
(b)  Define an ideal N ofaring R ' (2 marks)
(c)  Find all ideals of Z;,and all maximal ideals of Z. (8 marks)



