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SECTION A 2,

QUESTION 1
(a) (i) The graph y = f(z) in the zy-plane automatically has the parametrization

¢ =z,y = f(z), and the vector formula r(z) = zi + (f(z))j. Use this

formula to show that if f is a twice differentiable function of z, then

@l
T+ (@)

k(z) =

[7]
’(ii) Use the formula for & in (i) to find the curvature of y = In{cosz), —7/2<
x < /2. [3]

(b) Let u and v be vectors in space. Prove the Pythagorean Principle,

[u+vPE=[ul+|v]? <= u-v=0.

(¢c) Find parametric equations for the tangent line to the curve
Ca:z=—1t—8, y=t2-3, 2=2—-5 —oo<t< oo, at the point
(—9,-2,-3). [4]



QUESTION 2 a<

(a) A path of a roller coaster ride (superimposed on a rectangular coordinate sys-
tem) consists of part of the parabola y = z?/2 for £ < 0, followed by a circular
loop for z > 0. Find the equation of this loop if the track is continuous, smooth,

and has continuous curvature. 8]

“(b) Let F = (6zy + 231 + (322 — 2)] + (3z2% — y)k be a vector field.

(i) Show that F is irrotational. V [3]

(ii) Find divcurl F. 2]

(c) Let u(z,y,2) = yi— zj and v(z,y,2) = (z—u-f be vectors in space. Find
<+ ye)2

the flow lines of u and v. [5,2]



SECTION B

7%

QUESTION 3

(a) Find the principal unit normal vector and the outward unit normal vector to

the ellipse
2?2 3P
25 + 32- == 1, a, b> 0,
a —b
traversed in the clockwise direction, at the point point P(-—, —) Also, find
) e PO R V22
the curvature, x, and the radius of curvature, p, at the given point. [14]

(b) Find parametric equations for the line of intersection of the planes 3z —6y—22z =

15 and 2z + y + -2 = 5. [6]
QUESTION 4

(a) Derive the following alternative formula for the curvature function s = «(t) of

a smooth curve:

.= la x v|
SR

[6]

(b) Let r(t) = 6costi+ 6sintj + 2tk. Find the following:
(i) r'(2)r"(t); 2]
(i) r'(t)xr"(t). [3]

. 1: hlt - t—14-

(c) Evaluate lim (—t-l te it 1k). 3]

(d) Prove the Cauchy-Schwarz Inequality; |u - v| < |u||v|, where u and v are vectors

in space. [2]

(e) Isthelinex = 1-2¢t, y=2+5t, z= —3¢parallel to the plane 2z+y—z = 8?

Give reasons for your answer. [4]



QUESTION 5 ar

(a) Let D be the region in the zyz-space defined by the inequalities
1<z<£2, 0<zy <2, 0<2<1.

Evaluate

/ / / (z®y + 3zyz)drdy dz
b ‘

by applying the transformation

U=, v =1y, w=3z

and integrating over the appropriate region G in the uvw-space. [10]

(b) Find out which of the fields given below are conservative. For conservative

fields, find a potential function.

(i) F=yi—agj. [2]

(11) F == $2+;2+32 §+ $g+:2+z2 j + 22+;2+z2 f(. ‘ [8]
QUESTION 6

(a) By any method, find the integral of H(z,y,z) = z°z over the surface of the
sphere z2 + 2 + 22 =1; 2> 0 [10]

(b) Verify Green’s theorem in the plane for
# 120y - o+ (@ + ),
c

where C is the closed curve (described in the positive direction) of the region

bounded by the curves y = z* and y* = z. [10]



QUESTION 7 2%

(8) ¥ F = yi+ (z — 2z2)] — xyk, evaluate ] / (V x F)-11dS, where S is the surface
s
of the sphere z° + 3% + 2% = a? above the zy-plane. [10]

(b) Verify that the parametric equations
_ 2 2 —
T =pcosf, y=p°sinf, z=p

could be used to represent the surface z2 + y? — 2* = 0. Hence compute the

unit normal to this surface at any point. [10]

END OF EXAMINATION



