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QUESTION 1

(a) Find parametric equations for the line of intersection of the planes 2z +y+2z = 4

and 3z —y + 2z =3. [4]
(b) Compute the acute angle between the lines 3z —4y+7 =0 and z+y+1 = 0.[4]
(c) Find the distance between the plane 2z — 2y + z = 4 and the point S(1, 2, 3).[4]

(d) Prove that the vector v = Ai + Bj + Ck is perpendicular to the plane Az +
By+ Cz= D, where A#0, B # 0, and C # 0 are constants. [4]

() Find the component of the force F = 6i + 8] — 2k in the direction of the
displacement ITQ, where P(3,2,0) and Q(4,6,7) are points in space. What is
the work done by tpe force F in moving an object over the displacement f)—Q)? [4]

QUESTION 2

(a) Find the equation for the plane through P(1,0,—1), Q(0, 2,0), and R(1, 2, 3).[5]

(b) Show that the planes 5z +y — z = —3 and 5z +y — 7 = 6 are parallel, and find

the distance between them. [4]

(c) Let u and v be vectors in space. Prove that u x v is perpendicular to the plane

containing u and v. [4]

(d) Given that F(t) = e%u + e%v, where u and v are constant vectors, show that

F'(t) — 5F'(t) + 6F(t) = 0. 4]

(e) If u”(t) = 6¢1— 122§ + 6k, v'(0) = 7i — 3] + 2k, and u(0) = 5i + 7j + 4k, find
u(t). (3]



QUESTION 3

(a) Inspherical coordinates (p, ¢, 8), the position vector of an arbitrary point (z, y, 2)

is given by

r = psingcos i + psingbsinﬁj + pcos ok.
Find:
@ A 2]
i) ¢ [2]
(iii) 6; and (2]
(iv) the velocity vector v 13]

for any particle moving in this coordinate system.

(b) Let a(t) = a;(£)i + ax(t)] + as(t)k be a differentiable vector function, and let

#(t) be a differentiable scalar function. Prove that

d(ga) _ da  do
a %% T

(c) If r = zi + ¢j + zk and r = |r|, show that:
. r
(1) Vr = ;7

(i) V2(logr) = ;12 3.4)



QUESTION 4

(a) A particle starts from rest and moves in a straight line with acceleration
(16—2v?), where v is its speed. Show that the particle has terminal velocity V =
v8, and find an expression for v in terms of the distance

traveled. [6]

(b) A body of unit mass moving in a straight line is projected with speed u from a
point at a distance d from the origin. It is acted upon by a force g, where k is

a constant and z is the distance from the origin. Show that
u?_u?
z=de =*

where v is the body’s speed. 5]

(c) A particle drops from rest under gravity in a medium which exerts a resistive
force of kv per unit mass, where k is a constant and v is the speed. Show that

the terminal velocity is given by
g
V==
k
Also show that the speed v and the distance traveled = at any time { are given

by

and



QUESTION 5

(a) Let z(t) = c1 cos(wt + ¢1) and y(t) = ¢ cos(wt + ¢2) be harmonic functions

in standard form with the same angular frequency w. What do we mean by z

leads y, and when does z lag y? [1]

(b) State whether z leads or lags y in each of the following:

(i) z = 2cos(2t.+ ), y = 3cos(2t + L) [2]

(ii) z = cos(3t), y = sin(3t). [2]

(c) Express Acos(wt) + Bsin(wt) in the standard form C cos(wt + ¢) when A = 32
and B = —1. [2]

(d) Find the current I(t) in an RLC—circuit with R = 100 ohms, L = 0.1 hen-
ries, and C = 1073 farads, which is connected to a source of voltage E(t) =

155sin 377, assuming zero charge and current when ¢ = 0. [13]



QUESTION 6

A projeétile of mass m is launched with initial speed U at an angle § with the
horizontal. If the projectile has acting upon it a force due to air resistance equal to
—fBv, where § is a positive constant and v is the instantaneous velocity, prove that
the position at any time is given by

m9

r= mTU(cos 03 + sin fk)(1 — e~Pt/m) — 5

(t+ %e'&!m - %)k.

QUESTION 7

(a) A particle of unit mass moves subject to a central force. Determine the law of

force if the path followed by the particle is » = a cos §, where a is a constant.[8]

(b) Suppose that a particle mass m is acted upon by a force ar~2 + Br~3 per unit
mass (where (8 = zaa)) directed towards the origin r = 0 of an inertial frame.
Suppose, also, that at § = 0 and ¢ = 0, measurements of distance and velocity
of the particle show that it is at distance a from the origin moving with velocity

v/a/a in a direction perpendicular to the radius vector. If u == 1/r, prove that
0

2 1
U=~ — —COS —=.
a a

V2
[12]

END OF EXAMINATION



