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QUESTION 1
123
1. (a) i. Compute the inverse A~! of the square matrix A= |1 3 5{. [10 marks]
13 4
ii. Use A~! obtained in 1(a)i to solve the linear system
z + 2y + 3z = 9
z + 3y + 5z = -11
r + 3y + 42 = 13
: [3 marks]
iii. Can A~ from 1(a)i be expressed as a product of elementary matrices? Justify
your answer. [2 marks]
(b) Determine the value of k for which the matrix
1-k -1 2
0 4-k 3
0 4 -k
is invertible. [5 marks]
QUESTION 2
2. (a) Consider the linear system
r, — 2.’52 -+ 3373 = 1
2ry + cxy + 6z = 6 (1)
—z; + 323 + {(¢—3)z3 = 0
i. Find values of ¢ for which the linear system (1) has;
A. no solutions,
B. a unique solution,
C. infinitely many solutions. [10 marks]
ii. In the case of 2(a)iC write down the general solution. [3 marks]

(b) Given that z and y are real numbers with = < y, uniquely determine the matrix

A= [; ;] which satisfies the equation A% + 54 = —4 [(1) 0]. [7 marks]
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QUESTION 3
3. (a) What does it mean to say that a noﬁ-empty set U is a subspace of a vector space
v? [4 marks]
(b) Determine whether or not the following subsets are subspaces. Justify your an-
Swers,
i U={(z,5,2) eR¥:2+yz=0} in R% [4 marks]
ii. U= {p(z) € Po|p(0) = p/(0) = 0} in the set P, of all polynomials of degree
at most 2. [4 marks]
i, U= {I}; Z] :b+c=0} in the set Mo of all of all 2 x 2
matrices. [4 marks]
iv. U= {(a,b+¢,b—c) € R¥:a,b,c € R} in R3. [4 marks]
QUESTION 4

4. (a) Let S = {u,uy,...,u,} be a set of vectors in a vector space V.

i. Explain the statement “S spans V”. [2 marks]
ii. What does it mean to say that S is linearly independent in V?  [2 marks|
ili. What does it mean to say that S is a basis for V. [2 marks]
(b) Consider the vectors u; = (1,2,4),us = (1,1,1),us = (1,-1,3) in R3.
i. Determine whether or not {u,;,us, u3} spans R3. [4 marks]
ii. Determine whether or not the vectors {u;,up,us} are linearly independent
in R3. " [2 marks]
iii. Does {u;,uz,u3} form a basis for R3? Justify your answer. [2 marks]
(¢) 1i. Define the column space of an m x n matrix. [2 marks|

ii. Find a basis for the column space of the matrix
1 2 01 3
A=|-1 -2 1 0 -2
1 2 12 4

[4 marks]



QUESTION 5 53

5. (a) i LetU and V be vector spaces, and let T : U — V be a linear transformation.

A. Define the image of T, [2 marks]
B. Define the kernel of T. [2 marks]
C. Define the rank and nullity of T', and state carefully a theorem that relates

the two. [4 marks]

ii. Let M, denote the space of all real-valued 2 x 2 matrices, and let
T : My — M3, be a map defined by

T([Z ZD = [bi:ﬁd c-?—d]

A. Show that T is a linear map. [4 marks]

B. Find bases for the image and kernel of T'. [6 marks]

C. Verify the theorem mentioned in 5(a)iC for T. [2 marks]
QUESTION 6

6. (a) Let P, denote the set of all polynomials of degree at most 2. If p(x),¢(z) € P,
then write p(z) = pox? + p1Z + pp and ¢(z) = ¢22° + 17 + go. Determine whether
or not the following are inner products on FP,. Justify your answers.

i.
(p.0) = /0 (1 - 2)p(@)g(z)dz
[6 marks]
| (P, q) = P22 + Poo

[6 marks]

{(b) Consider the inner product space consisting of the vector space My, (of all real-
valued 2 x 2 matrices) together with an inner product defined by

(A, B) = Tx(BT A)

i. Define the norm | A|| of a matrix A € My, with respect to this
inner product. [2 marks]

ii. Compute ||A|| when A = E é} . [2 marks]
* iii. Verify the Cauchy-Schwarz inequality for the matrices

2 1 11
Az[l 0] andB:[o 1]

in this inner product space. [4 marks]
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7. (a) Given an n x n matrix A, what is meant by “an eigenvector and an eigenvalue of

A? [4 marks]|
(b) For the matrix
5 6
-5 )

find its eigenvalues and corresponding eigenvectors. [10 marks]
(c) i. State the Cayley-Hamilton theorem. [2 marks]
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ii. Verify the Cayley-Hamilton theorem with A = [0 2 2:| . [4 marks]
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