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QUESTION 1

1. (a) Use Chebyshev polynomials of the first kind with degree at most 2 to

approximate arccos(z). [10 marks|
(b) The Chebyshev polynomials {Up(z),U;(z),. ..} of the second kind are de-
fined by
U, (z) = sm[(.n +1) arccosz:]; n=012, .

sin(arccos r)
Show that these functions are orthogonal on the open interval (—1,1) with
respect to the weight function w(z) = v/1 — z2. [10 marks|

QUESTION 2

2. (a) Let S := {¢o(z),h1(x),...,0n(z)} be a set of orthogonal functions on
[a,b] with respect to the weight function w(z). Show that S is linearly
independent. [5 marks]

(b) For the problem of approximating 1/z on [1,2] using a quadratic least
squares polynomial, the normal equations may be written in matrix form

Ab=c (n

Explicitly identify matrix A, and vectors b and c. [10 marks]

(c) What constant a makes the expression
D () = oz +1°
k=0
as small as possible? [5 marks]

QUESTION 3

3. (a) Use a single step of the Runge-Kutta method of order 2 to solve:
-z —2x=340<z<1,z(0)=0,7(0) =1,

for £(0.1) and z'(0.1). [14 marks]
(b) Use the Runge-Kutta method of order 4 to find value of the function

t
z(t) = / e dr
0

at t =0.1. [6 marks]|



QUESTION 4

4. A multi-step method for solving the initial value problem (IVP)
Y(z) =f(z,y), a<z<byla) =0
is defined by the difference equation
Yns2 = = 3Yn + Wns1 — 2hf(tn,¥n); n=10,1,...,N =2
with starting values yo and ;.

(a) Use this method to solve
y'(r)=2-y,0<2<0,y(0)=0

for y(0.2) and y(0.3) with h = 0.1, and starting values yo = 0 and

Y =2—e 0 [6 marks]

(b) Write down the local truncation error for the method. [3 marks|

(c) Determine whether or not the method is convergent. [11 marks]
QUESTION 5

5. (a) Consider the boundary value problem

Ugz + Uy =0,0< 2 < 2,05y < 3,
u(z,0) =z/2, u(z,3) =1,0< z < 2,
u(0,y) =y/3, w(2,y) =1, 0< y < 3.
Use a finite difference method known as “the 5 point formula” with a
uniform grid on S to approximate both u(1,1) and u(1,2). [10 marks]

(b) Determine a sufficient condition for convergence of the numerical scheme

+1 n
At Ar
for approximating the advection equation
ug + au, =0,

subject to initial condition u(z,0) = f(z), where a > 0 is given.[10 marks]
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QUESTION 6

6. Consider the differential problem;

u(x,t) =ug.(z,t),0<z <1, t>0,
U(O,t) =0a uz(lat) = U(l,t) - 1at > 07
u(z,0) =sin(nz), 0 <z < 1.
Suppose that an approximate solution to this problem is determined by replac-

ing u; with a forward difference, and that both u, and u,, are replaced by
central differences.

(a) Show that the resulting finite difference equations may be written in matrix

form as
u;4; = Buj +v, where j =1,2,...
Identify the square matrix B, and the vectors u; and v. [12 marks]
(b) Compute the leading terms of the truncation error for this numerical
scheme. [8 marks]
QUESTION 7

7. (a) Show that the numerical scheme

upt -up 1 (U;_1 — 8P+ UL, UM -2Urt 4 UT‘+1>

4 j+1
At 2 (Az)? (Azx)?
for approximating the differential equation
Up =Ugy (2)

is unconditionally stable. [10 marks]

(b) Use the numerical scheme given in part (7a) with At = 0.1 and Az = 0.5 to
solve parabolic differential equation (2) for u(0.5,0.1) subject to boundary
conditions

u(0,t) =u(1,t) =0
and initial condition
u(z,t) =z(l —z),0<z<1.

[10 marks]



