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Instructions

1. This paper consists of SEVEN questions.
2. Each question is worth 20%.
3. Answer ANY FIVE questions.

4. Show all your working.

THIS PAPER SHOULD NOT BE OPENED UNTIL PERMISSION HAS

BEEN GIVEN BY THE INVIGILATOR.

108



UNISWA FINAL EXAMINATIONS ACADEMIC YEAR 2010/2011
COURSE NAME AND CODE: M323 Abstract Algebra | PAGE 1

QUESTION 1 /0%

(a) Define a group. [4]

G={<8 ’{):a,beR,a;Ao}

gives a group structure under matrix multiplication 8]

(b) Determine whether the set

(c) Prove that a subset H of a group G is a subgroup of G if and only if H # @), and whenever
g,h € H, then gh™! € H. 8]

QUESTION 2

(a) Find all z € Z such that

3z = 2(mod 7).
[4]
(b) Define an equivalence relation on a set S. [4]
(c) Define a relation ~ on Z by m ~ n if and only if m = n(mod 4).
i. Show that ~ is an equivalence relation on Z. 8]
ii. Describe the partition given by ~. [4]
QUESTION 3
(a) Let H be the subset
{po = (1), 1 = (123), p» = (132)}
of the symmetric group Ss.
i. Show that H is a subgroup of Ss. [5]
ii. Show that H is cyclic. [5]
(b) Prove that every cyclic group is abelian. 5]
(c) Show that Z, has no proper subgroups if p is a prime number. [5]
QUESTION 4
(a) Find all the subgroups of Z)g and give a lattice diagram. [10]
(b) Let ¢ : G — H be a group isomorphism and let e be the identity of G. Prove that ¢(e) is
the identity in H and that [¢(a)]™? = ¢(a™?). [10]
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QUESTION 5
12345678 12345678
Le”“(ﬁ 817534 2)”“‘(7 183452 6)'

(a) 1. Express o and 8 as products of disjoint cycles. [4]

ii. Express o and f as products of transpositions and indicate whether they are even or
odd permutations. 4]

(b) Compute

i o™t 2]

ii. 87 la ' . 3]

ifi. (@)~ 3]

(c) Prove that every group of prime order is cyclic 4]
QUESTION 6

(a) For a,b,m € Z, show that if ged(a,m) = 1 and ged(b, m) = 1, then ged(ab, m) = 1. [7]

(b) Find integers r and s such that ged(211, 130) = 211r + 130s. [7]

(c) Find the number of genrators in each of the cyclic groups Z3p and Zgs. 6]
QUESTION 7

(a) Define a normal subgroup of a group. 4]

(b) Verify that the subgroup N = {(1), (123), (132)} is a normal subgroup of the group Ss. 6]

(c) For each binary operation * defined on the given set, say whether or not * gives a group
structure with the set.

i. Define * on Q* by a *b = ab/2, for all a,b € Q*. [4]
ii. Define x on Rby axb=ab+a+bforall a,b €R. 6]

END OF EXAMINATION PAPER




