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QUESTION1 §2

1. (a) Solve the linear system

2z -z = 4
z +y + z = 6
3z 4+ y = 10
using Gaussian elimination.” (8 marks]
(b) Express the matrix
110
11
1 01
as a product of elementary matrices. [12 marks]
QUESTION 2
2. (a) Given the linear system
I + 3153 = 2
3zy, + 3z + waxs = B
-z + 31,'2 + 21,'3 = -8
find values of a and G for which the system has;
i. no solutions,
ii. a unique solution,
ili. infinitely inany solutions. (10 narks]

(b) Prove that if square matrices A and B are invertible, then BA is invertible and
(BA)! = A"1B7L. [5 marks]

01

{c) Let A be a 2 x 2 matrix and let B = [0 0

]. If AB = BA, then show that

A= [g 5 ] for some numbers « and /3. [5 marks]



3.

5§32

QUESTION 3
(a) Write down any 4 axioms for a vector space. (4 marks]
(b) Explain precisely what it means to say that a non-empty set W is a subspace of
a vector space V. [4 marks|
(c) Determine whether or not the following subsets are subspaces. Justify your an-
SWErs. P
i W={(z1,22,...,2,) € R*: 21 + 2z, = 0} in R™. (4 marks]|
ii. W= a b ccd=0; in the set My of allof all 2 x 2
c d
matrices. [4 marks]
ili. W = {p(z) € Ps|p(0) = 0} in the set P5 of all polynomials of degree at most
3. [4 marks]
QUESTION ¢
(a) Let S = {vi,Va,...,v,} be aset of vectors in a vector space V. Explain precisely
what is meant by each of the following statements.
i. S spansV, [2 marks]
ii. S is linearly independent in V, [2 marks]
ili. S is a basis for V. [2 marks]

(b) Determine whether or not the set

{(1,2,0),(1,2,1),(2,4,3)}

spans R®. [4 marks]

(c) Determine whether or not the set

{(1,-1,1),(2,0,1),(7,-3,5)}

is linearly independent in R3. [4 marks]

(d) i Define the nullspace of an m x n matrix. [2 marks]
ii. Find a basis for the nullspace of the matrix

1100
A:{0111}

[4 marks]



QUESTION 5 §4

5. Let U and V be vector spaces.

(a) What does it mean to say that T is a linear transformation from U to

V? [2 marks]
(b) Are the following linear transformations? Justify your answers.

i. T:P — P T(ao+ a1z) = [(ap + a17)dz. [4 marks]
ii. T:R? — R%, T(x,12) = (71 + T2, 1172). [4 marks]
il T: My —R; T ([Z ZD —a+d. [4 marks]
(c) 1 Let U and V be vectorspaces, and let T : U — V be a linear transformation.
A. Define the image of 7. [2 marks]
B. Define the kernel of T'. ‘ [2 marks]

il. If T:U — U is defined by T(p(z)) = p"(x), then describe the kernel
of T. [2 marks]

QUESTION 6

6. (a) Let P, denote the set of all polynomials of degree at most 2.

i. Show that .
¢laale) = [ pae)is
defines an inner product on the vector space P;. [6 marks]
ii. Define the norm ||p{z)|| of a polynomial p(z) € P, with respect to the inner
product in 6(a)i above. . (2 marks]
iti. Compute ||p(z)|| when p(z) = v/3z. (2 marks]
(b) If
100
A=11 2 0
1 2 3
then find the eigenvalues and eigenvectors of A. [10 marks]



7.

'S
QUESTION 7 5

(a) State the Cayley-Hamilton theorem. [2 marks]
(b) Verify the Cayley-Hamilton theorem with the matrix

4 00
0 3 2
‘ 0 2

(c) Let T : R® — R? be a linear map defined by

o

[8 marks]

T(xy, 2, w3) = (71 + T2, 22 + T3)

Find bases for the image and kernel of T (10 marks]



