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QUESTION 1

{a) Let X be a nonempty set.

(i) What is meant by “(X,d) is a metric space?” [2]

(i1) Let d be the Euclidean metric on R?, and for z,y € R?, define

1 d{z,y) ifz=syory=szforsomeseR
d*(z,y) =
d(z,0) +d(0,y) otherwise.

In other words, d'(z,y) is the distance you travel from z to y if you can
only travel along straight lines through the origin. Verify that d’ is a metric
by checking that conditions M1. — M3. in the definition of a metric space
hold for d*. [3,1,5]

(b) Let (X,d) be a metric space. Given any four points z,y,2,t € X, prove that
Id(a:,y) - d(Z,t)' S |d(£L‘,Z) + d(yvt)l [4]

(c) A translation T : R? — R? is a map given by T{(z) = (z; + a,z2 + b) for
some fixed point (a,bd) € R?, where z = (x;,73) € R%. Prove that the Euclidian
metric d; on R? is translation invariant, in the sense that for any two points

T = (r1,72) and y = (y1, %) in R?, we have
d(T(2), T(y)) = dafz, y)-
(3]

{d) In each of the following cases, state with careful justification whether (X, d) is

a metric space:

(i) X = Q equipped with d(z,y) = (z — y)%

~ == [1,1]

(i) X = Q° =R\ Q equipped with d(z,y) = P

1 1 l



QUESTION 2

(a} (i) Give the definition of a pseudometric. 2]

(ii) Let X denote the set of all Riemann integrable functions on [a, ). (Recall
that a Riemann integrable function on [a,b] need not be continuous in

[a,8]). For z,y € X, define d by

b
dz.9) = [ lat) - it .
Prove that (X, d) is a pseudometric. (5]

(b) Let (X, d) be a metric space, and let A and B be bounded subsets of X. Prove
that A U B is bounded. Hence, or otherwise, deduce that if zy is any point
in X, the set A is contained in the closed ball of center z; and radius r =

d(zg, A) + diam(A). {4,1]
{(c) Let A= {{zy,22) : 0 £ 11,0 < 29,21 + 3 < 2} and let z = (2,2). Find d(z, A)

for the Chicago, the London rail, and for the raspberry pickers metrics. 5]

(d) Consider the metric space (R,d), where d is the usual metric. Prove that the
set {z} is open as a subspace of (R,d) but {z} is not open as a subset of R

(with the usual metric). (3]



QUESTION 3

(a) Describe the open balls B(a,3) and the closed balls Bla, 3] in R? with respect

to the New York metric, where
(i) = (0,0), [2,1]
(ii) a=(2,3). [2,1)

(b) Show that for any two points = and y of a metric space, there exist disjoint

open balls such that one is centered at z and the other is centered at y.  [5]

(c) Prove that a limit point of a set .S in a metric space X is either an interior point

or a boundary point of S. (3]

{d) Prove that an isolated point of a set .S in a metric space X is a boundary point

of . (3]

(e} Prove that a boundary point of a subset S of a metric space X is either a limit

point of S or an isolated point of S. (3]



QUESTION 4

(a) Prove that:

(i) Every convergent sequence is a Cauchy sequence; (3]
(i) I (zp)np>1 and (Yn)n>1 are Cauchy sequences in a metric space (X, d), then

the sequence (d(Zn, Yn))n>1 is convergent in R. (5]

(b) What do you understand by the following:

(i) A nowhere dense metric space; 1]

(i) An everywhere dense metric space. [}

(c) (i) Suppose that {z,} converges to z in C [a, b] in the uniform metric. Explain
what is meant by pointwise convergence of a sequence {z,} in C [a, b]. Show

that {r,} converges to x pointwise. [2,3]
(ii) Let z, in C'[0,1] be defined by
r(t) = i if 0<t<1-14,
n(l—t) if 1-2<t<1,

Sketch the graph of z,(t) and show that {z,} converges pointwise to the

function

z(t) =

tif 0<t<l,
0 if £=1.

Deduce that {z,} is not convergent in C'[0, 1] in the uniform metric.[1,2,2}



QUESTION 5

(a) Let f be the function f: C[0,1] — R defined for z € C[0, 1] by f(z) = z(0).
Show that f is not continuous with respect to the L; metric on C'[0, 1] (and the

usual metric on R) by considering the functions z,(t) given by

1A
— 3

1—¢ if 1<t

[A

:::n(t)::{ (n—1)t if 0<¢

(Hint Sketch the functions ,(t) and consider their limit in the L, metric). [7]

(b} Let (X,d) be a metric space with the metric

0 if z=y,
d(z,y) =
{3 if 25y

Show that any Cauchy sequence in X is eventually constant, and deduce that

(X,d) is complete. {3]

(c) (i) Explain what is meant by a contraction of a metric space. Show that if
[ la,b] — [a,b] is differentiable, then f is a contraction if and only if

there is number r < 1 such that |Df{x)| < r for every z € (a,b).
(i) State without proof the Contraction Mapping Theorvem.

1
(iii) Show that the mapping f : [-1,1] — [-1,1] defined by f{z) = ﬁ(33:3 -
222 + 9) is a contraction, and deduce that there is unique solution to the

equation 323 — 222 — 14z + 9 = 0 in the interval [-1,1]. (10}



QUESTION 6

(a) When are two subsets A and B of a metric space said to be

separated? 2]

(b) Verify that two nonempty disjoint closed sets in a metric space are

separated. 2]

(c) Give two alternate definitions of connectedness of a subset M of a metric space
X. (4]

(d) (i) Provethat if X is a connected metric space and f : X — R is a continuous
function, then f(X) is connected.
(ii) Deduce that if f : [0,1] — [0,1] is continuous, then there exists an

z € [0,1] such that f(z) = z. [6,6]



QUESTION 7

{(a) Let X be a set and let d; and dy be metrics on X. What is meant by saying

that the metrics d; and d; are eguivalent? 3]

(b) Suppose that there are positive constants k and K
kdl(m) y) S dﬂ(xa y) < Kdl (35', y)

for all z,y € X. Show that d, and d; are equivalent. {7]

(c) Show that on R? the usual (Euclidean) metric and the Chicago metric are

equivalent. (4]

(d) Explain what is meant by saying that a metric space X is connected. Which
of the following subspaces of R is connected and which is disconnected? Give
reasons. (Any theorem about connected subsets of R that you use should be

stated carefully but not proved)

(i) R-Q,
(it} (2,5)U(3,00),

(iii) [99,101). - 3,2,1]

END OF EXAMINATION



