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Instructions |

1. This paper consists of SEVEN questions.
2. Each question is worth 20%.

3. Answer ANY FIVE questions.

4. Show all your working.

THIS PAPER SHOULD NOT BE OPENED UNTIL PERMISSION HAS
BEEN GIVEN BY THE INVIGILATOR.



Question 1

(a) Give the formal definition of a Euclidean ring R.  [4]
(b) Let R be a Euclidean ring.

i. Prove that any two elements ¢ and b in R have a

greatest common divisor d. [5]
ii. Show that there exists m,n € R such that d =
am + bn. 5]

(c) Prove that every finite integral domain is a field. [6]

Question 2

(a) Give an example of a ring satisfying the given condi-
tions (do not prove anything).

i) A ring without a unity. [2]
ii) A finite integral domain. | (2]
iti) A ring that is not a division ring. 2]
iv) A ring with 0 divisors. [2]

(b) In a ring Z,, show that

i. zero divisors are those elements that are not co-
prime. (5]

ii. elements that are co-prime cannot be zero divisors.
[5]

{c) Describe all units in the ring

ZxQxZ - 12]




Question 3

(a) Let @q : Z|z] — Z;. Evaluate each of the following
L ws[(z® +2)(47® + 3) (2" + 327 + 1)] [5]
i pq[32'% + 5z% + 225 (5]
(b) Show that the rings Z and 2Z are not isomorphic. [4]
(c) Show that for a field F, the set of all matrices of the

form ,
a
(0 0) fora,be F
is a right ideal but not a left ideal of the ring R =
Ma(F). [6]

Question 4

Which of the following are integral domains and which are
fields? Justify your answer.

(a) Zz X Zg [5]

(b) {a+ib:a,beQ} [5]

(c) ZxR [5]

(d) Riz] [5]
Question 5

(a) Determine which of the following polynomials in Z[z] satisfy
an Eisenstein criterion for irreducibility over Q



i 470 - 973 + 247 — 18 [4]
. 220 — 252% 4+ 1022 - 30 [4]

b. Express f(z) = z% + 2z + 3 over Zs[r] as a product of
irreducible polynomial over Zs|z)]. 6]

c. Prove that, if D is an integral domain, then Dz] is also an
integral domain. [6]

Question 6

(a) Let o be a zero of z2+x+1 in the extention field of Z,. Give
the addition and multiplication tables for the four elements

of Zo(a). [6]
(b) Show that the polynomial f(z) = 2P + a in Z,[z] is not
irreducible for any a € Z,. [5]

(¢) For each of the given algebraic numbers a € C, find In(a, Q)
and deg(a, Q)

i. 3-~6 [3]

i /3 VT 3]

fii. 244 - 3]
Question 7

(a) Find all the monic irreducible polynomials of degree 2 over

Zs. [9]

(b) Prove that every field is an integral domain. [7]

(c) Factor the polynomial 422 — 47 + 8 as a prodﬁct of irre-
ducibles in Z;;[z]. [4]




