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QUESTION 1

(a) Let S be a set of real numbers. Explain what is meant by the following.

i. A real number o is the maximum of S. [3 marks]
ii. A real number g is the minimum of S. [3 marks]

(b) Find, if they exist, the maximum and minimum of the set:

S={zeR:z+|c-1=2+|z[} [4 marks]
(c¢) Determine whether the following statements are true or false. Justify your
answers.

i. The sum of a rational number and an irrational number is always
irrational. {3 marks]

1. There exists a set of real numbers with a maximum but
no supremum. [3 marks]

(d) Let A be a non-empty subset of R and let f,g: A — R be functions, each
with a bounded range in R. Show that

inf{f(z) : z € A} +inf{g(z) : ¢ € A} < inf{f(z) + g(z) : z € A}
[4 marks)

QUESTION 2

(a) Let (x,) be a sequence of real numbers and let [ € R. Explain precisely
what is meant by the statement

T, —lasn— oo

[3 marks]
Use this definition to show that
" n-1 — g as n — 00
3n+8 3
[4 marks]

ii. Starting from the theorem that -a sequence of real numbers that is
convergent is also bounded, show that if -

Ty —lasn—ooandy, mmasn — 00

then z,y, — Im as n — co. [5 marks]



(b) Consider the sequence (z,) defined by

Ty =2, 4T,y = :c:‘:+3, forn>1

i. Show that 1 <z, <3 foralln>1. [3 marks}
it. Prove that (x,) is a decreasing sequence. [3 marks]
iii. Deduce that (z,) is convergent and find its limit. State any theorem

used. [2 marks]
QUESTION 3

(a) 1. Explain what it means to say that a function f : [a,0] — R is
continuous at a point ¢ € (a, b). [2 marks]|

ii. Give an example of a function f : [-1,1] — R which is not continuous
and yet the function |f] : [-1,1] — R defined by |fi(z) := |f(z)] is
continuous. [2 marks]

ili. Use the definition of lim f(z) to show that

z—a

limg|-=0, (z # 0)

z=—0
[6 marks]
(b) State the Intermediate Value theorem and use it to show that the equation

2

‘= coszT
has a solution in the interval (0, ). [5 marks]
(¢) Determine whether the following statements are true or false. Justify your
answers.
i. All functions f: [-1,1] — [-1,1] satisfy f(z) =z at any
ze[-1,1)] [3 marks]

ii. There is a continuous function f : {—1,0) — R which does not attain
a maximum value on [-1,0). [3 marks|



QUESTION 4

4. (a) Let f:{a,b) — R be a function.

1.

it.

iil.

Explain what is meant by saying that f is differentiable

at ¢ € (a,b). [2 marks]
Show that if f is differentiable at ¢ € (a,b) then f is continuous at
point c. [4 marks]
Is the converse of part 4(a)ii above true? Justify your

answer. {2 marks]
State the Mean Value Theorem. [2 marks]

i. Let f: {a, b} — [a,b] be differentiable on [a, b]. Also, let

lf'(z)| <1, Vz € [a,b]
Then, show that

|f($) - f(y)‘ <!$ - yl,‘v’:c,y € [asb]

(4 marks]
{c) Let f: R — R be defined by
z-1, fzx<1
f(=z) = { Inz, ifzr>1
i. Show that f is differentiable at z = 1. {4 marks]

ii. Is f continuous at z = 17 Justify your answer. [2 marks]



QUESTION 5

5. (a) Use the Mean Value theorem to show that

b—a b-a
i <vVb-ya< —=for0< . 4
12\/.5 Vo~ a 21/601.” a<b [4 marks]
b
ii.l—g<ln—<-§—1for0<a<b. {5 marks]
b a f,
iii.1+:z<e‘”<1_$for0<:c<1. [6 marks]
(b) Let a sequence (z,) of real nuinbers be defined by
1
In:=1+—+1+---+—1-—-lnnforn21
23 n
Use part 5a above or otherwise to show that
Tpy1 < Iy forn > 1 (56 marks]
QUESTION 6

6. (a) Let Y_an be a series in the set R of real numbers. Then, explain what is
meant by the following statements.

i. The k-th partial sum. (2 marks]

ii. ¥ a, converges. , {2 marks]

ili. > an, is absolutely convergent. [1 marks]

(b) Prove that if 3 a, converges, then lim{a,) = 0. [3 marks]

(¢) Use part 6b above to show that
Z n
n+1

diverges. {2 marks]

(d) Starting from the Canchy convergence criterion prove that:

If 3" a, is absolutely convergent, then 3 a,, converges. [6 marks]
(e) For the series
1_1.}_1_}_1'_.]:‘
2 45 6 7 )

determine whether it converges or diverges. State any theorems
used. {4 marks]



QUESTION 7

7. (a) Explain in detail what it means for a function f : [a,b] — R to be Riemann
integrable on [a, b]. [10 marks]

{(b) Use part 7a above to show that the function f: {0,1] — R defined by

f(z) = +1, if z is rational
) ~1, otherwise

is not Riemann integrable. {6 marks]

{c) For each of the following statements prove if true otherwise give a
counterexample.
i. Every bounded function f : {0,1] — R is Riemann
integrable. {2 marks]
ii. Thereis a function f : [0, 1] — R such that the function |f] : {0,1] = R
defined by |f|{(z) = |f(z)| is Riemann integrable, but f is not
Riemann integrable. [3 marks]



