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Instructions

1. This paper consists of SEVEN questions.
2. Each question is worth 20%.

3. Answer ANY FIVE questions.

4. Show all your working.

THIS PAPER SHOULD NOT BE OPENED UNTIL PERMISSION HAS
BEEN GIVEN BY THE INVIGILATOR.



Question 1
(a) Suppose that d,a,b are positive integers, (a,d) = 1
and that d divides ab. Proves that d divides b. [5]
(b) Let H be a subgroup of a group G and let, for a,b € G

aRb if and only if a = g 'bg for some g € H.

Show that R is an equivalence relation on the set G.[6]

(c) The table below may be completed to define a binary
operation * on the set G = {e,a,b,c} in such a way
that (G, *) becomes a group. Asuume this is possible
and compute the missing entries

xle a b ¢

ele a b ¢

aja e b [6]
blb a

cle b a

(d) Prove that, in any group G, the identity element is
unique. [3]

Question 2

(2) Determine whether the set Z with respect to the binary

operation
axb=a+b-2010

is a group. 7]

(b) Find the greatest common divisor d of the numbers
102 and 42 and express it in the form

d = 102m + 42n for some m,n € Z. 5]



(c)

(1) State Lagrange’s Theorem 2]
(ii) Prove that every finite group of prime order is
cyclic. [6]
Question 3

(a) Let H be the subset
{po=(1),p1 = (1234), py = (13)(24), p3 = (1432)}

of symmetric group Djy.
(i) Show that H is a subgroup of Dj. [5]
(ii) Is H cyclic? Justify your answer, [5]
(b) Let ¢G = H be an isomorphism of groups.

(i) Prove that, if e, is the identity element of G, then
(e4)¢ is the identity element of H.

(i) Prove that, for any a € G,

(@)= [(@)] " 6]
(c) Determine all possible solutions of
3z = 5(mod 11), 4]

Question 4

(a) Prove that a non-abelian group of order 2p, p prime,
contains at least one element of order p. (6]

(b) Consider the following permutations in Sg

(123456 s (123456
*“ls314562) "“\241363]/"



Compute

(i) of (i) A (i) B2 10]
(iv) of ) (aB)™

(c) Write the permutations « and 3 in (b) as a product of
disjoint cycles in Sg. [4]

Question 5

(a) Prove that every subgroup of a cyclic group is cyclic.

8]
(b) Let H be the subgroup of Zy; generated by the element
8, i.e. H =<8> . Find all cosets of H in Zgg. [6]
(c) Prove that if G is a group and that V a € G,a? = e,
then G is abelian. [6]

Question 6

(a) Prove that every group of prime order is cyclic.  [5]
(b) Show that the set G = @ — {0} with respect to the

operation
o
RRET?
is a group. [9]
(c) Prove that if (a,b)h1 = a6~ for every a,b € G where
G is a group, then G is abelian. (6]

Question 7

(a) Find all subgroups of Zyy and draw a lattice diagram.

8]



(b)
(i) Define a subgroup of a group.

(ii) Find the number of elements in the cyclic subgroup
< 30> of Zsy (do not list the elements).

(d) Show that R under addition is isomorphic to R* under
multiplication. (5]




