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QUESTION 1

Find the outward unit normal vector to the ellipse
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A curvilinear coordinate system (u,v, ¢) is defined by

(8]

at the point P(

A a
z=auvcosd, y=oauvsing, z= E(u2 — %), where u,v > 0, -7 < ¢ < .

(i) Find the scale factors and the unit vectors. (6]
(ii) Show that the coordinate system is orthogonal. (3]
(iii) Find the line element and the volume element. [1,2]

QUESTION 2

The path of a highway and an exit ramp are superimposed on a rectangular
coordinate system in such a way that the highway coincides with the z-axis.
The exit ramp begins at the origin O. After following the graph of y = y{
from O to the point P(1, “Tl), the path follows the arc of a circle in such a way
that the ramp is continuous, smooth and has continuous curvature. Find the

equation of this circle. [10]

In each of the following, find the arc length parameter along the curve from the
point where ¢ = 0 by evaluating the integral
t
§= / [v(r)idr.
=0 _

Then find the length of the indicated portion of the curve.

(i) r(t) = (4cost)i + (4sint)j +3tk, 0<t<n/2,

-~
.

(ii) r(t) = (e*cost)i + (etsint)j+etk, —Ind<t<0. [10]



QUESTION 3

(a) Let u(z,y,2) = zi — yj and v(z,y,2) = ——E—T be vectors in space.
(2 +y%)2
(i) Compute the divergence and the curl of u and v. [1,1,1,2)
(i1) Find the flow lines of u and v. (5,1]

(b) Determine the directional derivative of ¢(z,y) = 100~ z? — 12 at the point (3,6)

in the direction of the unit vector & = ai + bj. 3]

(c) Find the tangent plane and the normal line to the surface 2%y + zyz — 22 = 2

at the point Py(1, 1, 3). [6]
QUESTION 4

(a) By any method, find the integral of H(z,y, z) = yz over the part of the sphere

z? + 32 + 2% = 16 that lies above the cone z = /22 + 2. [6]

(b) Find the work done in moving a particle in the counterclockwise direction once
2 L2

around the ellipse %— + %— =1 if the force field is given by F = (3z — 4y)i +

(4z + ) — 4%k [4]

(c} Find out which of the fields given below are conservative. For conservative

fields, find a potential function.

(i) F = (yz2)i + (z22)] + (e’y2)k. (2]

(ii) F = (e®siny)i + (" cosy + sin z)j + (y cos 2)k. 18]



QUESTION 5

(a) Evaluate ]f [z22dydz + (z%y — 2%) dzdx + (2zy + y*2) dz dy], where S is the
s
entire surface of the hemispherical region bounded by z = /a2 — z2 — y? and

z=0

(i) by the divergence theorem (Green’s theorem in space), [5]
(ii) directly. [7l

(b) Verify Stokes’ theorem for A = 3yi — 22j + y2?k, where S is the surface of the
paraboloid 2z = z2 + y? bounded by 2z = 2 and C is its boundary. 8]

QUESTION 6

(a) Evaluate / / A -1 dS, where A = zyi — 2] + (z + 2)k, S is that portion of the
5

plane 2z + 2y + z = 6 included in the first octant, and f is the unit normal to

S. [10

(b) Verify that the parametric equations
z=p’cosl, y=p’sind, z=p

could be used to represent the surface 2 + y? — 2* = 0. Hence compute the

unit normal to this surface at any point. [10]



QUESTION 7

Let J,,(z) be the Bessel function of the first kind of order n.

(a)} Evaluate
1 dx
(a) i ln-;-' [3]
®) [ View 'y g
(6]

(b) Express Jy(az) in terms of Jy(az) and Ji(az).
{c) Legendre’s differential equation is given by

(1 —z*)P(z) — 22P.(x) + n{n+ 1)P.(z) = 0.

Using this, or by any other method, prove that

fl Pp(z)Pp(z)dz =0, if m#n.
(8]

END OF EXAMINATION



