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QUESTION 1

{a) Give the definition of each of the following

i A vector space
ii An orthogonal matrix
ili A symmetrix matrix

iv A skew-symmetric matrix

(b) Find the eigenvalues and the corresponding eigenvectors for

1 2 -1
A=|11 0 -1
4 -4 5

QUESTION 2

(a) Determine whether the following mappings are linear transformations

i T:R®— R? defined by T(z,v,2) = (z+y - 2,2z + y)

ii 7': R® — R® defined by T(z,y,2) = (z + L,3)

(b) Prove that the set B = {z7 + 1,z — 1,2z + 2} is a basis for the vector space V = P{x)

[10]

(10]

(10}

(10]



QUESTION 3

(a) Let T: R* - R be T(z,y,2) = (z+y + 2z, + 2y + 3z2)

i Find the standard matrix of T.

ii Find the matrix of T relative to the R-bases

B, = {(11 1!0)! (01 1, 1)1 (03 0, 1)} By = {(1’2)1 (1:3)}

[10]
{b} Verifty the Cayley-Hamilton theorem for
1 2 3
2 -1 35
3 2 1
[10]
QUESTION 4
(a) Find the inverse of the matrix A in two ways
i using the augmented matrix {A : 1]
ii by computing a product EpEx_q - -- E9E; of elementary matrices
1 1 1
A=|12 3 1
1 -1 -2
[12]

{b) Prove that if A and B are both non -singlar n x n matrices, then the product AB is also non

singular and (AB)~! = B~14!

4]
(¢) Prove that [M;(a)]™' = M; (g—;) a#0

4



QUESTION 5

{a) Solve the system

21 +5xp — Br3 4+ 64y = 4
214222 — 33 +4zy = 1
) +4ze+ 723+ 224 = 8

(8]

(b) For which k does the following system have non-trivial solutions

kx1+2z9—z3 = 0
(k+Vzy+kza—oz3 = 0
—zy+kro+krs = 0

{c) Determine whether the vectors are linearly independent
(2,4,0,4,3),(1,2,-1,3,1),(-1,-2,5,-7,1)

[4]



QUESTION 6

(a)
i Give the definition of a basiz of a vector space

ii Determine whether the vectors (1,1,1),(1,2,3) and (2,—1,1) form a basis for R?

(8]
(b} Use the adjoint of A to find A~ where
1 2 3
A=12 3 4
1 5 7
[7]
0 0 5
{c) Show that 0 0 -1 [ isskew symmetric
-5 1 0 |
[5]

QUESTION 7

(a) Let V be a vector, S; and S5 be finite sets of non-zero vector in V such that S; C S, Show that

i 51 linearly dependent = S: is also linearly dependent
ii S, linearly independent = S} is also linearly independent

[10}

(b) Prove that if a homogeneous system has more unknowns than the number of equations then it

always has a non-trivial solution.

(10]



