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USEFUL FORMULAE

The gradient of a function (r, 8, z) is cylindrical polar coordinates is
o, 10y, 3¢
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The divergence and curl of a vector field

v=v,f +ved + v,k

in cylindrical polar coordinates are
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The divergence of a vector

is spherical coordihates "
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The convective derivative, Laplacian and strain and shear stress in cylindrical coor-
dinates are:
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Identities:

VYV =VEV) -V xw

Vx(VxZA)=VV.4A- VA



QUESTION 1

(a) Consider steady, one-dimensional, incompressible flow along the x-axis through

the converging channel

| z
v=u(1+ ),
where v; and L are constants.

(i) Find the acceleration of a particle moving along the x-axis as a function of z.

(ii) For the particle located at z = 0 at t = 0, obtain an expression for its
-position, z, as a function of time for t > 0,

-z component of acceleration ap, as a function of time for t > 0.

(iii) Find the Eulerian acceleration for particle moving along x-axis.

(b) For the three-dimensional flow
U= (Zt’ -Y, b(t))

find the

(i) particle paths,
(ii) streamlines.

[4,3,2,1,5,5]
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QUESTION 2

(a) Derive the continuity, or mass conservation equation for a fluid.

(b) Write down the equation in (a) for a steady flow. |

(c) For a steady incompressible two-dimensional flow in the zy—plane the z compo-
nent of velocity is given by u = az, where a is a constant.

(i) Derive a possible y compoent.

(ii) How many possible y components are there?

(d) Let T = mr~2F in spherical coordinates.

(i) Show that U satisfies the continuity equation for incompressible flow, except at
the origin 0.

(i) Let 0 lye on a smooth surface S. What is the volume flow rate through S?

[5$1,3,1,5,5]
QUESTION 3
(a) Describe two methods of modelling continuous medium.
(b) Describe a continuum model of a fluid.
(c) Derive a formula for the convective derivative of the density.
(d) Consider the stream function
P(r,0) =rV(fcosd + %71’9 sinf —sinf) -
for0<6< im,  V isa constant.
(i) Calculate the velocity components on § = 0 and 8 = .
|
(ii) Calculate V2. [4,4,5,4,3)



QUESTION 4

(a) Consider the two-dimensional flow field given by ¥ = az? — ay?, a is a constant
Show that the flow is irrotationad: ... . .
(b) Calculate the vorticity and the angular velocity (rotation) for the following flows:

(i) ”rigid rotation”: vy = Dr,v, = 0;

(ii) "line vortex”: vg = £,v, = 0;

(iii) ” uniform shear flow”: u = fy,v=0.

(c) Give the definitions of a vortex line, a vortex surface, a vortex tube, and strength
of a vortex tube.

(d) State Kelvin’s theorem. 6,2,2,2,4,4]



QUESTION 5

(a) Give the déﬁnition of a Newtonian fluid.

- (b) Use.{a}-tofind;the -dimensions of

(i) Viscosity,

(ii) Kinematic Viscosity.

(c) Derive the Navier-Stokes equation in the form

DVi .0 .
p_ﬁt—_sz-}-éz_ja"j’ i=1,2,3.

(d) The plane y = 0 oscillates so that its velocity is in the plane y = 0 and magnitude
Veoswt, (V,w are constants).

Find the velocity of viscous impressible flow above the plane. Body forces are negli-
gible. [2,2,2,7,7)



QUESTION 6

(a) (i) Give the definition of Reynold’s number.
~.{ii)Show that Reynolds number is dimsionless.
(b) (i) Define simila flows.

(i) How is the idea of the similarity of flows used in the design of experimental

models?

(c) Counsider a cylinder of radius a rotating with angular velocity 2 in a viscous

incompressible fluid.

(i) Show that the steady cirucar flow inside the cylinder is in rigid body motion, and
outside the cylinder is that associated with a line vortex.

(ii) Calculate the moment of stress
2%
S a df
0

on inner and outer surfaces of the cylinder. [2,2,2,2,7,5]



(i), Show that

QUESTION 7

(a) Consider steady incompressible invicid potential flow.

TXW = V[%ﬁ2+<1>+%].

(ii) Derive Bernoulli’s equation.

(b) An infinite plane starts to move at speed Uj in its own plane at ¢ = 0. The viscous
incompressible fluid is initially at rest. The effect of body forces is negligible. Put
v = U(y, t)i.

(i) State the initial-bounday problem for U(y,t),

(ii) Solve the problem in (i) by introducing a new dimensionless variable £ = y/(4vt)3,

and using U(y,t) = Upf(£). [4,4,4,8]

END OF EXAMINATION



