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QUESTION 1

(a) (i) Define a metric space.

(ii) Show that for any z,y, 21, - - - 2, from a metric space

d(z,y) < d(z,21) + d(21, 22) + - + d(zn-1, 20) + A2, Y)-

2,2]
(b) Let X = C be a set of complex numbers, and d(z,y) = |z — y|.
(i) Show that for any z,y € X ‘
|z +yl < lzf + lyl.
(ii) Thus prove that (X, d) is a metric space. | 3,3]

(c) Evaluate the distanc between z =t and z =t +1, t € [0,2] in max-metric.

[4]
(d) (i) Define a disconnected set in a metric space (X, d).
(ii) Apply the above definition to show that the set H is discox;mected, where
H={(z,y) 2*+y*<2} U{(z.v) D a4y 2.5}
[3,3]



QUESTION 2

(a) Consider the process f: X = X, z€ X, y= f(z), wheré

-
y)=1=— [lo(]du, te(-11)"

(i) Find at least 4 terms in the iterative process
Tn+1 = f(zn), 21=0.

(ii) Show that z(t) = 13 is a fixed point, thus solve the integral equation

¢
z(t) =1 —/0 r’du.

[4,3]
(b) Show that metric space axioms hold for L; —metric. . (3]
(c) Find distance between t*> and t + 1, t €[0,2] in L;-metric. [4]
(d) Let a sequencé in C[-1,1] be given by ‘
0 if —1<t<0
Za(t)=q nt if 0<t<i
1 if 1<t ;
Prove that this is a Cauchy sequence in L;-metric. : [6]



QUESTION 3

(a) Let X = R2. Show that X together with the lift distance is & metric space. [4]

(b) Prove that uniform convergence is stronger than the pointviirise convergence. [4]
(c)(i) Put the negation of the difiniton of uniform convergence.

(ii) Thus show that the sequence fp(z) =z", z € [0,1] convexfges pointwise but not

uniformly on [0, 1]. : 3,3]
(d) (i) State and '
(ii) Prove M-test for uniform convergence. [2,4]



QUESTION 4

(a) Show that an arbitrary non-empty set X together with the ?dista.nce d defined by
0 if z=y
d(z,y) = _
3 ifz#y
foral z,y € X

forms a metric space. - [4]
(b) Let (X, d) be a metric space. Give a definition of

(i) Convergent sequence in (X, d). |

(ii) Open set A C X [2,2]

(c) Let A;, Ag, - -+, Ag be closed sets in a metric space. Prove that A; UAsU---U A
is closed. : [6]

(d) Define in a metric space
(i) an open ball, |

(ii) continuous map f : M; — M, between metric spaces using ;open balls notion.

[3,3]



QUESTION 5

(a) Show that X = R? together with the London metric forms ?a metric space. 6]
(b) Prove that any contraction is uniformly continuous. [4]
(c) Show that the mapping

f:[0,1] — [0,1] defined by

f(e) = 2@+ +1)

is a contraction and deduce that there is a unique solution to the equation

2% 4+ 22 — 7Tz + 1 = 0 in the interval [0, 1]. (6]
(d) Confirm by differentiation that the function f : [1,00) — [1, oo) given by f(z) =
£ + 1 is not a contraction, but that the function g : [1,00) — [1,00) given by
9(z) = (= + 3) is. [4]



QUESTION 6

(a) (i) Define the New York distance.

(ii) Show that X = R? together with the New York distance for:m a metric space [2,3]
(b) In a metric space (X, d) define |

(i) a Cauchy sequence,

(ii) a complete set A C X,

(iii) a compact set A C X. [2,2,2]
(c) Give an example illustrating that there is a Cauchy sequence in a metric space
(X,d) which is not convergent in X. . | [4]
(d) Let {z,} be a Cauchy sequence in a metric space (X, d) and let {z,, } be a

convergent subsequencce of {z,}. Prove that {z,} is converge1f1t itself. 5]



