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QUESTION 1

(a) Given the following Lagrangian function

1 , 1 5, 1 1
L= Q-m:c% + §m:c§ — 5/5(:[:% +23) — 5/5(:1:2 — 1)

2

for a certain mechanical system.

(1) Find the corresponding Hamiltonian function. [6 marks]
(ii) Using Hamilton’s equations obtain the equations of motion for the
system. [6 marks]

(b) The Hamiltonian for a system is given by

where a is a constant. Given that p is a generalized momentum conju-

gate to the generalized coordinate g, prove that the Lagrangian for the

L=(a_l)qﬁ.
a

system is given by

(8 marks]



QUESTION 4

[+ @) de
when
(i) y(0) =1,y(1) =2
(i) y(0) = 1,4(0) = 1
(iil) y(0) = 1, y(1) not prescribed.
(b) Show that Euler’s equation for the functional
b
I= i+ (v')%dz
is given by

yy' =1+ @)~

QUESTION 5

(a) Find the path which gives a stationary value for the functional

[12 marks]

[8 marks)

(a) A sytem of two degrees of freedom is described by the Hamiltonian

H = qip1 — qapa — ag? + bg3

where a and b are constants. Show that Fy = 222 and F3 = q1g

are constants of motion.

(b) Derive the Hamiltonian for a system with kinetic

[14 marks]

and potential energy given by T = 1m(a®+%?)6? and V = mgkg where

8 is the generalised coordinate.

[6 marks]



QUESTION 6

P . ) 1 6

¢

T,

Consider the pulley system shown in Figure above with generalized
coordinates q; and ¢ as indicated. Assume that the pulleys have negli-
gible masses and that P() is the reference level. Set up the Lagrangian
for the system and prove that Lagrange’s equations of motion are given

(m1 +mo+mg)di + (mg —my)ga = (M3 + ma)g

(ms —ma)di + (M3 +ma2)de = (mg —‘mg)g.

[20 marks]



QUESTION 7

(a) Use the Poisson bracket to show that the transformation

q= \J_—gsin(%r@) : p= \JT—;—)-COS(27I‘Q)

is canonical. [6 marks]
(b) Consider the transformation given by
Q=q%?, P=g%e?

‘where a and 3 are constants. For which values of « and f is this

transformation canonical? [5 marks]

(c) Given that,
A, = l 2 2 2 2 A __]_'
1= (@ 4P -y - p), Az =52y +papy)
1
Ay = S(apy—ups), Av=a"+0"+pz+0]

where z and y are generalized coordinates, and p, and p, are the

generalized momenta, associates with z and y respectively. Eval-

uate
(i) [A;, AJ] o _ [3 marks]
(i) [As, Ad] [3 marks]

(iii) [A3, AQ] [3 marks]



