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QUESTION 1

1. (a) Explain what is meant by ‘the sequence of real numt}ers (zn) converges to
a limit € R’ ;
Use this definition to show that

(i) If a sequence (z,) converges to [ € R and a sequence (y,) converges
to m € R then the sequence (z, + y,) converges to [ + m.
sin(m?n)

(i1) the sequence (z,) = ( ) converges to 0.

(11 marks]

(b) Decide whether the following statements are true or false. Justify your
‘answers. '
(i) There is a convergent sequence which is strictly decreasing.
(ii) There is a sequence which is neither bounded bélow nor above.

(iii) The sequence (z,) = (v/n +1 — +/n—1) is convergent.
[9 marks]
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QUESTION 2

2. (a) Let S be a set of real numbers and G,v,é € R. Explain what is meant by

(i) S is bounded below. |
(ii) G is an lower bound for S.

(iii) -y is the infimum for S. |

(iv) 4 is the minimum of S. o ' [8 marks]

(b) Find if they exist, the infimum and minimum for the following sets:

(1) {l+l:m,n€N}
m n |
(ii) {zeR:3z2+ 2z — 8 < 0} |

(iii) {zeR: |z -7 <2} [6 marks]
(c) Consider the statement; ‘If a set of real numbers. ha:s an infimum then it
has a minimum’. Prove if true else give a i:ounte'rex_'z?.mple. [2 marks]

(d) Let S C R be non-empty. Show that if u =supS, then Vn € N, u — 1 is
not an upper bound of S but u+ 3 is an upper bound of S. |4 marks]
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QUESTION 3

3. (a) Given that,
sinz
f@)={ =z 70
0, r=0
determine whether the function f is continuous or lilot at £ = 0. Justify
your answer. [2 marks]
(b) Use the Intermediate Value Theorem to prove the following:
(i) If f : [a,b] — [a,b] is continuous then it has a fixed point in [a, b].
. [6 marks]
(ii) The equation cosz = z has a solution in the interval [0, 5].
; [3 marks]
(c) Determine whether each of the following statements is true or false giving
a proof or a counterexample as appropriate.

(i) All continuous functions f : (0,1] — R attain a maximum value.

(3 marks]

(ii) All continuous functions f : (0,1] — R are bounded.
: [3 marks]
(iii) There is a function f : [0,1] — R that is discontinous at every point
of [0, 1] but such that |f| is continuous on [0, 1]. (3 marks]

QUESTION 4 '
’ [
4. (a) Let f:(a,b) = R. ’ f
(i) Explain what is meant by saying that f is differ:éntiable at ¢ € (a,b).
i [2 marks]
(ii) Use this definition to show that: '
f(z) := |z — 1| is not differentiable at z = 1;.
f(z) .= z% — 1 is differentiable at every point z = ¢ with
_ f'(c) =2c. | [8 marks]
(b) Show that the function f : R — R defined by |
—e® z> O |
= ’ ‘
f(z) {—l—x, <0 |
is continuous and differentiable everywhere and find its derivative f'(z).

5 [10 marks]
! .



QUESTION 5

5. (a) Let f : [a,b] — R. Use upper and lower sums tcé define the Riemann
integral f: f(z)dz. [10 marks]
(b) From the definition of the Riemann integral show thga.t

1
1

rdr =~
/0‘ 2

Assume without proof that

1+2+...+n=n(n; 1),Vn€ N.
| [10 marks]
QUESTION 6
6. (a) Given the series ) an, define the following.
n=1 !
(i) The n-th partial sum. [2 marks]
(ii) The convergence and the sum, = t [2 marks]
(b) State and prove the squeeze theorem for sequences. l [8 marks]
o |
(c) Consider the series Y log (1 - #) _
n=2 ;
Show that the nth partial sum s, :==as+az+:-- ~il- an is given explicity
by s, = —log2 — logn + log(1 + n). i [8 marks]
QUESTION 7 i
i
7. (a) State the Mean Value Theorem. ‘ [2 marks]

(b) Use the Mean Value Theorem to prove the followingi statement;

Let f : [a,b] — R be a function which is both continuous and differentiable
on (a,b). If f(z) <0Vz € (a,b), then f is strictly decreasing on (a, b).

[6 marks]
(c) Use the Mean Value Theorem to show that;
L1 3 1 ‘ L
(ii) §<\/6_6—8<§. [4 marks]
(ili) sinz <z for0<z <m. : [4 marks]




