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QUESTION 1

1. (a) Let (z,) be a sequence of real numbers and [ € R. Explain precisely what
is meant by the statement

lim z, =1
n—o0
Use this definition to show that
(i)
m 4n -9 _s
n—o2n+5

(ii) the sequence (z,) defined by

1 if n is divisible by 3 -
Tp=1{ 3 '
" 0 otherwise

does not converge to 0. [11 marks]

(b) Consider the sequence (z,) defined by

Ty =2, TTpy1 = 2:1:,21 +3,forn>1

(i) Show that % < T, <3foralln>1.

(ii) Show that (z,) is a decreasing sequence.
(iii) Deduce that (z,) is convergent and find its limit. [9 marks]

QUESTION 2

2. (a) Let S be a set of real numbers and v, @, 8 € R. Explain what is meant by

(i) S is bounded above.

(ii) - is an upper bound for S.

(iii) @ is the supremum for S.

(iv) B is the maximum of S. [8 marks]

(b) Find if they exist, the supremum and maximum for the following sets:

(i) {zeR:|z+5| <1}

(i) {reR:2z%2 -5z -3 >0}

(i) {1 - % ‘ne N} 6 marks|

(c) Consider the statement; ‘Every set of real numbers which is bounded above
has a maximum’. Prove if true else give a counterexample. [2 marks]



(d) Let S C R be non-empty. Show that if u =sup S, then Vn € N, u— L is
not an upper bound of S but u + 1% is an upper bound of S. [4 marks]

QUESTION 3

3. (a) Give an example of a function f : [~1,1] — R which is not continuous at
(b) (i) State the Intermediate Value Theorem. [2 marks]
(ii) Use it to prove the following:
If f: [a,b] — [a,b] is continuous then 3z € [a,d] : f(z) = z.
[6 marks]
The equation sin z + z = 1 has a solution in the interval [0, Z].
[3 marks]
" (c) Determine whether each of the following statements is true or false giving
a proof or a counterexample as appropriate.

(i) All continuous functions f : [0,1) — R attain a minimum value.

(3 marks]

(ii) There is a continuous function f : [0,1) — R which is not bounded.
[3 marks]

QUESTION 4
4. (a) Let f: (a,b) = R.
(i) Explain what is meant by the following:

[ is continuous at ¢ € (a, b). [2 marks]
[ is differentiable at ¢ € (a,b). [2 marks]
(i) Prove that if f is differentiable at ¢ then f is continuous at c. Give an
example to show that the converse is false. [6 marks]

(b) Show that the function f : R — R defined by

e*, z<0
l—2z, z>0

10 =4

is continuous and differentiable everywhere and find its derivative f'(z).
[10 marks]



QUESTION 5

5. (a) (i) Prove by induction or otherwise that
2
13+23+...m3=[m—(’-"2+—12] ,YmeN [4 marks]

(ii) Use this formula and the definition of the Riemann integral to show

that
[
ridr = =
0 4
[10 marks]

(b) Determine whether each of the following statements is true or false. Prove
or give counterexamples as appropriate.

(i) If neither f : R - Rnorg: R — R is integrable then f + g is not
integrable. [3 marks]
(ii) A constant function is integrable. [3 marks]

QUESTION 6

6. (a) Given the series ) a,, define what is meant by the following:

n=1
(i) The n-th partial sum. (2 marks]
(ii) The sum. (2 marks]
(iii) Absolute convergence. ' [2 marks]
(iv) Conditional convergence. [2 marks]
(b) State and prove the squeeze theorem for sequences. [8 marks]

(c) Determine whether the following statement is true or false. Prove or give
a counterexample as appropriate;

1
Th i —1)"—i t. 4 k
e series Z( ) ~ is convergen [4 marks]



QUESTION 7

7. (a) State the Mean Value Theorem. [2 marks]

(b) Use the Mean Value Theorem to prove the following statement;

Let f : [a,b] — R be a function which is both continuous and differentiable
on (a,b). If f'(z) > 0Vz € (a,b), then f is strictly increasing on (a, b).

[6 marks]
(c) Use the Mean Value Theorem to show that;
(i)%<\/3§—6<%. [4 marks]
(i) % <lh2<1. [4 marks]
b—a b—-a

<cos~la—coslb<

T io®

(i)

for0<a<b< 1l [4marks]



