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1.

QUESTION 1
(a) Prove that every cyclic group is is abelian. [5 marks]
(b) Let n be a positive integer greater than 1, and let a,b € Z
aRb if and only if @ = b(mod n)

Prove that R is an equivalence relation on Z. (7 marks)

(c) Determine whether the set

with respect to ordinary matrix multiplication gives a group structure.
[8 marks]

QUESTION 2

(a) Prove that every finite group of prime order is cyclic. [5 marks]

(b) Let ¢ : G — H be an isomorphism of groups and e be the identity of the
group G, then prove that

(i) (e)¢ is the identity of the group H. _ [4 marks]

(i) (a™)¢ = [(a)4]",Va € Gandn € Z+. [8 marks]

(c) Give the definition of a cyclic group. [3 marks]
QUESTION 3 -

(a) Prove that if a = b(mod n) and ¢ = d(mod n), then ac = bd(mod n).
[5 marks]

(b) Prove that every subgroup of a cyclic group is cyclic. [10 marks]

(c) Find the number of generators of cyclic groups of order 8 and 60.[5 marks]



QUESTION 4

4. (a) Solve the following system

2z =1(mod 5)
3z =4(mod 7)
[5 marks]
(b) Prove that if a® = ¢,Va € G, then the group G is abelian. [3 marks]

(c) Using (4b) above show that a non-abelian group of order 2p, p prime,
contains at least one element of order p. [5 marks]

(d) Find the number of elements in each of the following cyclic subgroups.

(i) <30 > of Zy,. _ [3 marks]
(i) < 15> of Zys. [4 marks]

QUESTION 5

5. (a) Determine whether the set Q with respect to the binary operation

axb=a+b—2009

is a group. _ : [8 marks]
(b) Find the remainder when 72%% is divided by 7. ' [5 marks]
(c) State the Lagrange’s theorem. (Do not prove anything) [3 marks]

(d) Prove that if (a,s) = 1 and (b,s) = 1, then (ab,s) = 1Va,b,s € Z.
[4 marks]



QUESTION 6

6. (a) Prove that Z, has no proper subgroups if p is a prime number. [6 marks]
(b) Let

(12345678

“\413278¢67%5)
ﬂ_12345678

"\4172385€6

(i) Express o and 3 as products of disjoint cycles and then as products
of transpositions. For each permutation say whether it is an even

permutation or an odd one. [8 marks]
(ii) Compute a~!, ¢, (f)~1. [6 marks]
QUESTION 7
7. (a) Prove that if d = (a, b), then there exist zo, 3o € Z such that d = zga+ygb.
[6 marks]
(b) For Z,, find all subgroups and give a lattice diagram. [7 marks]
(c) Find the casets of H = {0,6,12} in Z,s. [4 marks)

(d) Show that Zg and S3 are not isomorphic. ' [3 marks]



