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1.

QUESTION 1

(a) Convert the decimal 9.7 into its binary equivalent. [56 marks]
(b) Convert the binary (0.10), into its decimal equivalent. [5 marks]

(c) Determine the machine representation in single precision on a 32-bit word length computer

(Marc-32) for the decimal number -285.75 {5 marks]

(d) Find the roots of the following quadratic equation (as accurately as possible) using eight

digits and rounding (56 marks]

z? = 100000z +1 =0

QUESTION 2

ef—-1-z

(a) Given the function f(z) = pe

i. find a suitable function g(z) that has been reformulated to be algebraically equivalent

to f(z) with the aim of avoiding loss of significance error. [5 marks]

ii. Compare the results of calculating f(0.01) and g(0.01) using six digits and
rounding. [5 marks]

(b) Given the initial interval [2,5] for the Bisection Method, how many iterations are needed

to guarantee that our solution is accurate to 10719, (4 marks]

(c) Cousider the iteration
Tniy = 22, — 0z, n=20,1,...

where a > 0 is given. Show that the iteration converges quadratically to 1/ for any

initial guess zo. [6 marks]



3.

QUESTION 3

{(a) Use the Lagrange Interpolation polynomial to interpolate f(z) from the following table:

T j0'1|2|4
@) | 7] 18] 21|43

and find an approximation to f(3) [7 marks]

(b) The population of a city in a census taken once in ten years is given by

C i

Year 1921 | 1931 | 1941 | 1951
Population in Thousands | 35 42 58 84

. Construct a forward divided difference table for the above tabulated data. [3 marks]

ii. Use Newton interpolation formula of degree 2 to obtain (approximately) the popula-

tion of the city in 1925. 4
marks]
i. Show that the function
f(z) ="~ a?
has exactly one zero in the interval [-1, 0]. ' [2 marks]

Use 4 iterations of the Newton-Raphson method with an initial guess of zg = 0 to

obtain an approximation to this root. [4 marks]



QUESTION 4

4. (a) For the function f(z) = In(z + 1), let zg = 0,z; = 0.6, and zo = 0.9. Construct the
Lagrange interpolating polynomial of degree at most 2 to approximate f(0.45), and find

the actual error. [6 marks]

“

(b) Suppose we know the following values of a function f:

f(0)=1af(1)=21f(2)=8

i. Evaluate the divided-differences £[0], f[0, 1], f[0,1,2]. [3 marks]
ii. Evaluate the forward-differences A f(zo), A2 f(zo). [4 marks]
iii. Write down the appropriate Newton’s interpolating polynomial. [3 marks]

(c) For a function f(z) the forward divided-differences are given by

xo = 1.0 [fIxo] =
fTxe.x1]1=3
x; =20 fIl-i]=11 Sro.¥r.x2] =1
f[.\'l..\'g] =
x2 =40 flx:]=
Determine the missing entries in the table. [4 marks]
QUESTION 5

1
5. (a) Consider the integral I = / V2 -z dz.
0
i. Find the exact value of the Integral. [4 marks]

ii. Use the trapezoidal rule with five subintervals to approximate the integral and com-
pare your result against the exact value of the integral. 6
marks]

2
(b) How large should n be so that the trapezoidal approximation to the integral / 'zlﬁ dz
1} .

is accurate to within 0.000017? [4 marks]

1
(c) The quadrature formula / f(z) dz = co f(=1) +¢1F(0) + c2f(1) is exact for all polyno-
-1
mials of degree less than or equal to 2. Determine cg, ¢; and c. [6
marks]



QUESTION 6

6. (a) Given that a is the fixed point of the following iteration scheme (for all a # —5.)

a2 —aon +a?+5a
an+5

Qny1 =

Find the order of convergence and the asymptotic error constant. [4 marks]

(b) The positive root of f(z) = a — fz? — z with a, # > 0 is sought and the simple iteration
_ 2
Tny1 =Q — ﬁzn

is used. Show that convergence will occur for sufficiently close starting value, provided

aff < %
[6 marks]
(c) Consider the linear system Ax = b where,

1 -1 0 2 T

A=1]12 -1 1 , b=1{ 4 , and x=1| gz,

2 -2 -1 3 T3

Use any method to find the LU decomposition of matrix A and then

solve the system. ' [10 marks]

QUESTION 7

2
1 . . R
7. (a) Find an approximate value of / p dz using composite Simpson’s rule with A = 0.25 and
1

evaluate the bound on the error.

(10 marks]
(b) Suppose that
-0.17
X =
0.22
is an approximate solution of the linear system Ax = b, where
5 7 0.7
A = , b =
7 10 1
i. Discuss the ill-conditioning of the system. [4 marks]

ii. Compute the residual vector r and then find the upper bound for a relative error in

solving the given linear system. [6 marks]



