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QUESTION 1

1. (a) Verify which of the following are linear transformations.

z T+Yy ,

() T:R*— R T (y) = ( 3y ) [5 marks]
z 2r—vy ’

. . B2 2. Yy _ (1Y

i) T:R ——)]R,T(y)-(y). [5 marks]

(b) Find standard matrices for the following linear transformations.

(i) T:R®—R% T (z) - (“‘" + Z). [5 marks]

P y—z
T
T
(i) T:R*—RYL T (y) = "lzl . [6 marks]
T+ =z
QUESTION 2
2. (a) Define a vector space. [6 marks]

(b) Find the inverses of the following matrices.

2 2 1
(i) (3 1 1).
11

1 .
1 1 1
(i1) (1 1 —1) . [6 marks]
1 -1 -1
(c) (i) Use the inverse of 2(b)i to solve the following system of equations
2z +2y+z=1
3z+y+z=2
T+Yy+z=2

(ii) Use Cramer’s rule to solve the following system of equations
zy + 2332 + T3 =3
T; + 2y — 3 =1
Ty — Ty — T3 =1

[8 marks]



QUESTION 3

3. (a) For which k does the following system have a trivial solution?

kx+y—32=0
(k-1)z+ky+2=0
3+ (k—1)y+kz =0

[8 marks|

(b) Find the eigenvalues and eigenvectors of the matrix
1 2 -1
A={11 0 1
4 -4 5

QUESTION 4

(12 marks]

4. (a) Find the invserse A~! of the matrix A using the augmented matrix [A : I],

where
1 1 1
A=12 3 1
1 -1 -2
[5 marks]
(b) Using 4a above find a sequence of elementary matrices E1, Es, ..., E, such
that E\E,.. . E,A=1,ie A=EY E7\ ... E;' E". [5 marks]
(c) Write A and A~! as a product of elementary matrices. [6 marks]

(d) Determine whether the following system has a non-trivial solution.

T+y+2z+w=0
2z 4+y—2+2w=0
3z+2y+2z+ 2w =0

[5 marks)



QUESTION 5

5. (a) Prove that if A and B are both non-singular n X n matrices then AB is
non-singular and (AB)~! = B~1A~1. A [8 marks]

(b) Use Cramer’s rule to solve the system

z-3y+z=-—1
—2r+2y—2z=1
dr—4y+z=-2

(c) Use Gaussian elimination to solve the system

Ty + Ty + 223 + 3z4 =13
Ty — 2Ty + T3+ T4 =8

3(1)1 +Zo+ T3 — 24 =1
QUESTION 6

6. (a) Prove that if a homogeneous system has more unknowns than the number
of equations, then it always has a non-trivial solution. [10 marks]

(b) Let B = {v;,v2,v3} and B’ = {u, us,u3} be bases in R®, where

0 1 1

v = 2 y U 0 y U3 = -1 ’
1 2 0
1

D)

Find the transition matrix from B to B'. [10 marks]



7.

QUESTION 7

(a) Verify the Cayley-Hamilton theorem for the matrix
2 3
-1 5
2 1

W N

[5 marks]

(b) Let S = {uy,us,...,un} be a set of non-zero vector in the a vector space
V. Prove that S is linearly independent if and only if one of the vectors
u; is a linear combination of the preceeding vectors in S. [10 marks]

(c) Show that each eigenvector of the square matrix A is associated with only
one eigenvector. [5 marks]



