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QUESTION 1

1. (a) Find all the monic irreducible polynomials of degree 2 over Zs [9]

(b) Prove that every field is an integral domain 7]

(c) State the Eisentein Criterion for irreducibility. [4]
QUESTION 2

2. (a) Which of the following are rings with the usual addition and multiplication
i {a+bv2, abe z} 5]
ii. My(R) with zero determinant | [5]

(b) Factor the polynomial 422 — 4z + 8 as a product of irreducibles viewing it as an element

of the following integral domain
i. Z[z)

. Z[z) [10]
QUESTION 3

3. (a) Find the greatest common divisor of the polynomials

flz) =z + 423 + 722 + 62+ 2
g(z) =23 + 422 + 7z + 4
Over @ and express it as a linear combination of f(z) and g(z) 8]
(b) Prove that if R is a ring with unity and N is an ideal of R containing a unit, then N = R
[6]
(c) Describe all units in each of the following rings
i. Zq
. ZxQxZ 6]



QUESTION 4

4. (a) State whether or not each of the given function v is an Euclidean valuation for the given
integral domain.
i. The function v for Z given by v(n) = n? for non-zeron € Z
ii. The function of v of Q given by v(a) = 50 for non-zero values a € Q 8]
(b) Given that every element 8 of E = F(a) can be uniquely expressed in the form 8 =

bo + b1 + baa® + -+ + ba™~! where each b; € F,« algebraic over the field F*~! and
degree (o, F') > 1. Show that if F' is finite with ¢ elements, then F(c) has g™ elements [6]

(c) State Kronecker’s theorem. [Do not prove] : 6]
QUESTION 5

5. (a) Prove that, if D is an integral domain, then D[z] is also an integral domain 6]

(b) Use Fermats theorem to compute the remainder when 83 is divided by 13. (6]

(c) For each of the given algebraic number « € C, find irred (o, Q) and deg(e, Q)

i, vV2+1 : (8]



QUESTION 6

6. (a) Determine which of the following polynomial in Z{z] satisfy Eisenstein criterion for irre-

ducibility over @
i. 471 — 973 + 247 — 18
ii. 2210 + 2523 + 1022 — 30 [10]

(b) Prove that every finite integral domain is a field. [10]
QUESTION 7

7. (a) Show that for a field F, the set of all matrices of the form

a1 a
11 Q12 a; € F
0 0

is a right ideal but not a left ideal of My(F). 6]

(b) Let ¢4 : Z7[z] — Z7. Evaluate each of the following for the indicated evaluation homo-

morphism
i s [(z® +2)(42? + 3)(z" + 322 + 1)) [5)
ii. ¢ [321% + 52%° + 225 (5]

(c) Show that the rings 3Z and 5Z are not isomorphic 5]



