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1. This paper consists of SEVEN questions.
2. Each question is worth 20%.
3. Answer ANY FIVE questions.

4. Show all your working.
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Question 1

(a) Consider the expression

u—oy = f(z+y? —u) (1)

where u = u(z,y) and f is an arbitrary function.
Find the partial differential equation for which (1) is a
general solution. [10 marks]

(b) Use Laplace transforms to solve the system

Uz —xrcosht = 0, z>0,t>0,
u(z,0) = z? z >0,
u(0,t) = 0, t>0.

[10 marks]

Question 2
The electrostatic potential u(r, ) inside a capacitor formed
by two spheres insulated from each other and maintained
at potentials 0 and Vj, respectively, obeys the system

9 ﬁ@f+.1 smﬁk = 0, O0<r<a, 0<f<m
or or

sin 6 06

Vo, 0<f<im
u(a,0) = .
0, sT<f<m
Solve for u(r, 8) inside the capacitor. [20 marks]

Question 3
Consider the PDE



(a) Classify the PDE as hyperbolic, parabolic or elliptic.
[4 marks]

(b) Reduce the equation into its canonical form and hence
find its general solution. [16 marks]

Question 4
Consider the non-homogeneous boundary-value problem

Up — Ugy = €7° sin(%z), O<z<m t>0,
u(z,0) = 2sin(3z), 0<z<m,
u(0,t) = ug(mt)=0, t>0.

(a) Show that the solution of the associated homogeneous

o

problem is of the form Zun(t) sin o, z, where a,, =
n=1

2n-1 [7 marks]

2
(b) Hence, or otherwise, solve the non-homogeneous prob-

lem.
[13 marks]

Question 5
Find the solution of the steady-state problem [20 marks]

Ugg + Uyy = 0, O<z<m O<y<m,
u(0,y) = 8sin®y, 0<y<m,
U(W,y) = O’ Ogysﬂ.7

u(z,0) = u(z,m)=0,0<z <.



Question 6

(a) Find the particular solution of the PDE
z(y — wug + y(u — z)uy = u(z — y)

which contains the straight line z = y = u. [10 marks]

(b) Find the particular solution of the PDE
TUgy + Uy = 2T

satisfying the condition: u = z, uy = 1 whenz—y = 0.
[10 marks]

Question 7

Solve the Dirichlet problem inside the circle
u,.,.—i—%u,.—i—;lgw =0 Or<l, —7<lO<m,

u(l,0) = 1—cos26, —m<6<m.

[20 marks]
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Table of Laplace Transforms

(aeut _ bebt)

a-—-19

sin(at)

cos(at)

sin(at) — at cos(at)
e sin(bt)

e®* cos(bt)

sinh(at)

cosh(at)

sin{at) sinh(at)
sinh(at) sin(at)

F(t)

st — gt

s"EF(s) —s"TH(0) — ... — fMTH0)



