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QUESTION 1

1. (a) Write the following differential equation as an equivalent system of first

order equations. [4 marks]

v =y'(1-y’) -y subject to y(0)=1, y'(0)=2

[ 4

(b) Use finite differences with step size h = 0.5 and a centred approximation to
approximate the solution of the following differential equation at z = 0.5.

[6 marks]
y' = —4 subject to y(0)=1 and y(1)=1,

(c) Use four terms of the Taylor series expansion to solve the following system

of differential equations. [10 marks]
dz
@ 1- 0) =2
& 1w, 20
d
= = ye-1, y0=2,
QUESTION 2

2. Consider the initial value problem

d 1
£=2y2(z—1) with y=-3 when z =2

(a) Use the Taylor expansion of degree 3 for y about z = 2 to approximate

the value for y(2.2). [8 marks]

(b) Use Euler’s method to approximate y(2.2) given that y(2) = —0.5 and a
step size of h = 0.1.

(c) Compare the solution obtained in (a) and (b) against the exact solution of

the differential equation. [6 marks]



QUESTION 3

(a) Solve the following Poisson equation over the rectangular region
{(z,9): 0<z<15 0<y<1}withh=k=0.5.
Ugg + Uy = 122y
subject to
u(z,0) =0, wu(z,1)=6z; 0<z<1.5
u(0,) =0, u(l5,y)=3y% 0<y<1

[10 marks]

(b) Consider the following differential equation system

Ou 0%u
= _ _— = 0<zr<1 t
u(0,t) =0, wu(l,t)=0, t>0

u(r,0)=1-2z, 0<z<l1

Use the implicit Backward difference in time and central difference in space
(BTCS) scheme with step sizes h = k = 0.25 to show that the problem

can be written in matrix form as

Uj = Auj+1
where
11 -5 0
A=| -6 13 -6
0 -7 15

[10 marks]



QUESTION 4

4. Use the 4th-order Runge-Kutta method with h = 0.1 to solve the following

initial value problem to estimate the values of y(0.1) and y’(0.1);

y' — 2% +2y=e*sing

subject to

[20 marks]

QUESTION 5

5. (a) Apply the modified Euler method to solve the following initial value prob-

lem
y”=—y2+y’+:c

subject to

with step size h = 0.1 to obtain an approximation to y(0.1) and y/(0.1) [10
marks|

(b) For Chebyshev polynomials, prove each of the following statements:

0, i#J
(TT;) =4 7w i=j=0
5, 1=3>0

[10 marks]



QUESTION 6

6. (a) Find the second degree least-squareé polynomial approximation of the form
Py(x) = a, + ayT + ayz”. that best fits the through the following experi-

mental data.

m‘01246
y‘31014

[10 marks|

(b) Discuss consistency, zero-stability and convergence of the linear multi-step

method
h
Ynt2 = 2Yn — Ynt+1 T+ 5{5fn+1 + fn}
[10 marks]

QUESTION 7

7. Consider the parabolic differential equation

ou 0%
E—a—aﬁ=0, OSIIISI, t>0
u(0,t) =0, wu(l,t)=0, t>0

u(z,0) =cos2mz, 0<z<l1

If an O(k? + h?) numerical method is constructed using the central difference

quotient to approximate u; and the usual difference quotient to approximate

Ugg,

(a) Write down the finite difference scheme for the problem. [10 marks]

(b) Show that the method has the matrix form
u¥t) =y 4 Au) foreach j=0,1,2,...

where u" = (u; ;,ug;,...,um-1;)" and A is a tridiagonal matrix. [10

marks]



