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QUESTION 1

(a) Show that if z and y are real numbers with z < y, then there exists an irrational

number z such that z < z < y. 4]

(b) Let S be a nonempty subset of R. Prove that S has a supremum K if and only
if:

(i) s < K for all s € S; and

(ii) for every € > 0, there exists s € S such that K — ¢ < so. 6]

(c) Let S be a nonempty subset of R and let a be a real number. Define

a+ S ={a+s:s€ S} Prove that sup(a+ S) = a + sup(S). [10]
QUESTION 2
(a) (i) Give the definition of a convergent sequence of real numbers. 2]
1
(i) Using only the definition, show that lim (1 + 5) =1. 6]
n—oo

(b) Prove that if a sequence {a,} of real numbers is convergent, then its limit is

unique. (6]

(c) Prove that every convergent sequence of real numbers is bounded. Give an

example to illustrate why the converse is not always true. 6]



QUESTION 3

(a) (i) What do you understand by a monotone sequence? 2]

(ii) Prove that if a sequence {a,} of real numbers is increasing and bounded

above, then it converges to its least upper bound. 5]

(iii) Show that the sequence defined by the recurrence relation
1
n=1 yn+1:1(2yn+3)VneN
is convergent and find its limit. ’ -~ [6]

(b) (i) What is a Cauchy sequence of real numbers? 2]

(ii) Prove that every convergent sequence of real numbers is a Cauchy

sequence. [5]



QUESTION 4

(a) (i) Give the Cauchy definition of the limit of a function. 2]
(ii) Using the definition in (i), find

2 _
limx 9

3 ,’1:—-3 = 6.

[4]

(b) Let a be an irrational number. Prove that there is a sequence {r,} of rational

numbers such that
lim {r,} = a.
n—o0o
[4]
(c) (i) Give the Heine definition of the continuity of a function at a point zy in
its domain. 3]
(ii) Let

2 if z isirrational
f(z) = ,
—2 if 1z is rational

Show that f(z) is discontinuous. [7]



QUESTION 5

(a) (i) What do you understand by an open interval? 2]
(i) Show that the interval [0,1] and the set Q of rational numbers are not
open. 3]

(b) (i) Give an example to illustrate that the intersection of an infinite family of
open sets may not be open. (2]

(ii) Prove that any union of open sets is open and that any intersection of

closed sets is closed. : (5]

(c) Prove that if 7 is an open covering of a closed and bounded subset S of R,
then S has an open covering 7 consisting of finitely many open sets belonging

to H. 8]

QUESTION 6

(a) (i) Define the Riemann integral. [4]
(ii) Write down sufficient conditions for a bounded function f : [0,1] — R to

be integrable. (3]

(b Let f : [a,b] — R be a bounded function. Prove that f is integrable if and

only if for any € > 0, there exists a partition P such that
0 SU(f,P)—L(f,P) <E,

where P is a partition of [a, b], U(f, P) is the upper sum of f over P and L(f, P)

is the lower sum of f over P. 6]
(c) Let f:[a,b] — R be defined by
1 if =z isirrational

flz) =

—1 if =z isrational

Show that f is not Riemann integrable but |f] is. [4]



(d) Define the Riemann-Stietjels integral.

QUESTION 7

(a) Show that
2 _,2

. T Yy
lim —_— = .
:c—)l(0,0) Ty z2 + y?

(b) Show that the function

——— if (z, - (0,0
f(x)z{m (#,9) # (0,0)
0 if (z,y) = (0,0)

is continuous at (0, 0).

(c) Show that the function

—_ if (z, 0,0
f(x):{ A it (2,9) # (0,0)
0 if (z,y) =(0,0)

is not differentiable at (0, 0).
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