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QUESTION 1

1. (a) Find conditions for A and u for which the following system of linear equations has
i. a unique solution
ii. no solution

iii. infinitely many solutions

z+y+z = 0
2z4+3y+2z =1
dx+Ty+ Az = u
[10]
(b) Let T : R? — R3 be given by T(z,y) = (¢ — 2y, 2z + y,x + y). Find the matrix of T
i. with respect to the standard basis
ii. with respect to B! and B where B! = {(1,-1),(0,1)} and
B ={(1,1,0),(0,1,1),(1,—-1,1)} [10]

QUESTION 2

2. (a) Determine whether the following sets of vectors in the vector space P;(x) are linearly
dependent. For those that are linearly dependent express the last vector as a linear

combination of the rest.
i. {2z + z,2% + 3,1}
ii. {2224+ z+1,32%2+z—5,z+ 13} [10]

(b) Let S = {v1,v2, -+ ,un} be a set of non-zero vectors in a vector space V. Prove that S

is linearly dependent if and only if one of the vectors v; is a linear combination of the

preceeding vectors in S. [10]




3.

QUESTION 3

(a) Let V be the set of all ordered pairs of real numbers. Define addition and scalar multi-

plication as follows

(1, 11) ® (z2,9%2) = (z1+ 22+ L,y +y2+ 1)

and a(z),y1) = (ar) + o — 1,ay; + a — 1). Show that V is a vector space. 8]

(b) Find the inverse A~! of the matrix A using the augmented matrix [A4 : I]

1 1 1
A=1]12 3 1
1 -1 2
4]
(c) Use (b) to find a finite sequence of elementary matrices F1E,, - - , F} such that
Ei,Ex_q - EyE1A=1. 8]

QUESTION 4

(a) Show that the vector (—3,12,12) is a linear combination of the vectors (1,0,2), (0,2,4)
and (—1,3,2) (8]
(b) Show that the set of vectors

V = {(07 2, 1)5 (1,03 2)a (11 ‘—1,0)}

is a basis for R3. 8]

(c) Determine whether the following has a non-trivial solution

T+ x2o+x34+2T4 = 0
221+ x2— 234224 = O
3.’1,‘1 + 21?2 + 2.’1,‘3 + 2.’1?4 = 0

[4]




QUESTION 5

5. (a) Show that each eigenvector of a square matrix A is associated with only one eigenvalue.

(5]

0 0 5
(b) Show that A = 0 0 -1 | isskew-symmetric (5]
11 0
(c) Find the characteristic polynomial, eigenvalues and eigenvectors of the following matrix
2 2 3
A=11 2 1 [10]
2 -2 1

QUESTION 6

6. Let B = {u1,uz,u3} and B! = {v},v2,v3} be bases in R3, where u; = (1,0,0),
Ug = (11110), uz = (11 11 1)’ v = (0’2a 1)a V2 = (110)2) a.nd Uy = (1) —1, 0)

(a) Find the transition matrix from B! to B. 8]
(b) Let T : R* — R3 be the linear transformation whose matrix with respect to the basis B
3 -6 9

is| o —6 |. Find the matrix of T with respect to B!. 8]
0

3
0
) are the coordinates relative to B, find the coordinates relative to B! 4]

0
6
(c) | -3
3




7.

QUESTION 7

(a) Verify Cayley-Hamilton theorem for the following matrix
3 2
A=
1 4

{b) By inspection, find the inverses of the following elementary matrices

1 000
1 0 0
4 100
01 0 )
0010
0 0 -3
0 0 01
{(¢) Use Cramer’s rule to solve
27y + 8z +z3 = 10
2234+ 3x2—27 = -2
4z, + 429 — 523 = 4

(d) Show that 2z2 4+ 2z + 3 is not a linear combination of

2 4+2zx+1, 243, z-1

(5]




