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Question 1

(a) Which of the following are rings under addition and multiplication? Give
reasons

() Z[V=7) = {a+b/=T:a,b € Z}

[5 marks]

(b) N={1’2a3a"'}
[5 marks]

(c) the set of all 2 x 2 matrices of the form ( ch 22 ) where a,b,c,d are

integers
[5 marks]
(d) (Z,+,-) where + is the usual addition and the multiplication is a - b =
0 Va,beZ
[5 marks]

Question 2

(a) Which of the following are integral domains and which are fields? Justify your
answer

(a) Z2 X Zz

[5 marks]
(b) {a+bi:a,beQ}

[5 marks]
() ZxR

[5 marks]
(d) Rlz]

[5 marks]
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Question 3

(a) Consider the polynomial f(z) = z* + 2z + 3 over Zs[z]
(i) Is f(z) an irreducible polynomial over Zs[z]? Why?

[5 marks]
(ii) Express f(z) as a product of irreducible polynomials of Z5[z]

[5 marks]

(b) Determine which of the following polynomials in Z[z] satisfy an Einstein
criterion for irreducibility over @
(i) 420 — 923 + 24z — 18
[5 marks]
(i) 220 — 2523 + 1022 — 30
[5 marks]

Question 4

(a) For each of the given algebraic numbers a € C find err(a, Q) and deg(aQ)
(i) V3 -6

[3 marks]
(if) ,/% +V7

[3 marks]
(iii) V2 + i

[3 marks]

(b) Show that the polynomial zF + a in Z,[z] is not irreducible for any a € Z,
and p is prime.
[5 marks]
(c) Let a be a zero of 22 +z + 1 in the extension field of Z;. Give the addition
and multiplication tables for the elements of Zg(«).
[6 marks]
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Question 5

(a) Give the formal definition of a Euclidean ring R.
[4 marks]
(b) Let R be a Euclidean ring.
(i) Prove that any two elements a and b in R have a greatest common divisor
d.

[5 marks}
(ii) Show that there exists m,n € R such that d = am + bn.

[5 marks]
(c) Prove that every finite integral domain is a field.

[6 marks]

Question 6
(a) Find all ideals N and all maximal ideals p of Z;g
[5 marks]

(b) In a ring Z, show that
(i) divisors of zero are those elements that are NOT relatively y prime to n.

[5 marks}
(ii) elements that are relatively prime cannot be zero divisors
[5 marks]
(c) Describe all units in the ring
ZxQxZ
[5 marks]

Question 7

(a) Show that for a field F] the set of all matrices of the form

a b
(0 0) for a,beF

is a right ideal but not a left ideal of M3(F) where My(F') - all 2 X 2 matrices
with entries from the field F.
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[6 marks]

(b) Let @q : Zr|z] — Z7. Evaluate each of the following for the indicated
evaluation homomorphism
(i) ps((z® + 2)(4z? + 3)(z” + 322 + 1))

[5 marks]
(ii) 4[32106 + 5299 + 2253]

[5 marks]
(c) Show that the rings Z and 3Z are NOT isomorphic

[4 marks]
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