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QUESTION 1

1. item Consider the differential equation

d
d—i—:x—{—y—{—xy with  y(0) =1

(a) Use the Taylor series method with terms through to z* to approximate

y(0.1). [10 marks]

(b) Use the Fourth Order Runge-Kutta method to approximate y(0.1) using a
step size of h = 0.1. [10 marks]

QUESTION 2

2. (a) Write the following Ordinary Differential equation
v+ 3"y +6(y) +2y =32

withy(0) =1, ¥'(0) =2, y"(0) = 3 as asystem of first order differential

% [8 marks]

(b) Use Taylor series method with terms through t* to approximate z(0.1) and

equations. |y =

y(0.1) as solutions of the following system of ordinary differential equations.

[12 marks]

dz
dt

dt



QUESTION 3

(a) Use the Newton’s interpolating formula

flzy) = fo+ Ex——h—{()—)Afo I Gl z"z)g — zl)Nfo +...

to derive the following Adams 3-Step formula.
23 4 5
s (B i)
Ye+1 = Yr + 12fk 3fk 1+ 12fk 2
for integrating over the interval [k, k + 1] assuming that information at the
preceding points zx—_2, Tx—1 and zx is known. [10 marks]

(b) Use the 3-Step Adams formula with h = 0.2 to approximate y(0.6) if

% =z—y if y0)=1, y(0.2)=0.837467, y(0.4) = 0.740649
[5 marks]

(c) Find the exact solution of the differential equation and compare it with
the solution from (b) to determine the error of the 3-Step formula. [5

marks]|

QUESTION 4

(a) The function u satisfies the equation
Ugxy = Uit

with boundary conditions of u =0 at z =0 and u =0 at z = 1, and with

initial conditions
u=sin(rz) , u =0, for 0<z<1

Write down the corresponding finite difference problem based on the cen-
tral difference approximation of the derivatives, stating the [10 marks]

boundary conditions in terms of the mesh points.



(b) Consider the Laplace equation over a unit square regioh

{(z,y): 0<z<1 0<y<1}):
Uzz + Uyy = 0

u(z,0) =0, u(z,1)=1; 0<z<1,;
u(0,9) =0, u(l,y)=0; 0<y<l1

i. Using h = k = 1/4, write down the corresponding difference problem
based on the five-point formula, stating the boundary conditions in

terms of the mesh points. [6 marks]

ii. Determine the system of equations to be used to solve the problem

and write them in matrix form. [4 marks]



QUESTION 5

(a) Consider a finite difference solution of the Poisson equation
Ugg T Uy =T+ Y

on the unite square using the boundary conditions and mesh points shown
on Figure 1 above. Using the second order centered difference scheme
compute the approximate value of the solution at the centre of

the square. [10 marks]

(b) Use the 4th-order Runge-Kutta method to solve the following initial value
problem with h = 0.1 to estimate the given y(0.1) and 2(0.1); [10 marks]

y o= 241 y(0) =1

2 = y—z 2(0) =1



QUESTION 6

6. Consider the following Poisson equation over the square region

{(z,y): 0<z<1, 0<y<1}
Ugg + Uyy =T

u(z,0) = u(z,1) = % 0<z<1
u(0,9) =0, u(ly)=vy*5 0<y<1
(a) Using h = k = 1/3, write down the corresponding difference problem based

on the five-point formula, stating the boundary conditions in terms of the

mesh points. [10 marks]

(b) Determine the system of equations to be used to solve the problem and

write them in matrix form. [10 marks]



QUESTION 7

7. Consider the parabolic differential equation
ou O%u

ot oz
u(0,t) =4, w(l,t)=4, t>0

0<z<1, t>0

u(z,0)=0, 0<z<1

If an O(k + h?) numerical method is constructed using the implicit backward
difference quotient to approximate u; and the usual central difference quotient
to approximate u.., show that the resulting difference problem can be written

in matrix form as [20 marks]

u; = A.Uj+1 + Bj



