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QUESTION 1

1. (a) Use the Lagrangian formulation to find the equations of motion for a sys-
tem with kinetic and potential energy given by

1 1 . . ’
T = §(m1 + mg)z? + 5™ (a?6? + 2ai6 cos 6)

kz? 4+ myga(l — cos )

|4

where a, k, g, m; and m, are constants. : [14 marks]

(b) Given that the Lagrangian of a system is given by

m 1
L=—¢* — =kqg*>+ Mg
2‘1 2‘1+ aq

where k, m and )\ are constants. Show that the Hamiltonian function

corresponding to this Lagrangian is

(p—)\Q)2 1, 5
H=¥Y"2 | 2
om T3

[6 marks]

QUESTION 2

2. The Lagrangian function for a double pendulum is given by
1 . . ..
L= Emb2(29f + 62 + 26,0, cos(6; — 62) + mgb(2 cos b + cos )

(a) Find the Canonical momenta p; and p,. [4 marks]

(b) Show that the Lagrangian can be written in a convenient form as
1, . .
L= §(p191 + pafly) + mgb(2 cos 6 + cos 6,)

[8 marks]



(c) Prove that the Hamiltonian is then

o 1 p?+2p% — 2pipacos(fy — 6,)
4mb? 1 — 7 cos?(6, — 6,)

— mgb(2 cos 0 + cos by)

[8 marks]
QUESTION 3
3. The Lagrangian for a system is given by
2 [62 ¢
L =ml - +sin? @ ——w — mgl(1 — cos )
where m, [ and g are constants.

(a) Find the Hamiltonian. [12 marks]
(b) Write the equations of motion for py, 8, py, ¢ [8 marks]

QUESTION 4

4. (a) If the Hamiltonian
n
H= Z Pala — L

a=1
is expressed as a function of the generalised coordinates ¢, and the mo-
menta p, ONLY and DOES NOT contain the time ¢ explicitly, prove that
. 0H . OH
da = 75— > Pa = —5—

Opa 04a
(8 marks]

(b) Given that the transformation equations for a mechanical system are given

by r, =r,(q1,42,- - -,qn), where g, are generalized coordinates. Prove that,
(1)

or, 0r,

9 94q
(i)

Z qa o

where T is the kinetic energy. [6, 6 marks]



QUESTION 5

5. (a) Consider the following three functions L;, L, and L; and the Hamiltonian

H for a system with three degrees of freedom:

Ly = pq3—p3qe
Ly = piq —pigs

Ly = p1ga —pan

1 ‘
H=_—p+p;+p3) +/a} + & + ¢

2m
Show that
i. [Ly,H] =0 [7 marks]
ii. [Ll, L2] = —L3 [7 marks]

(b) By any method you choose, show that the following transformation is

canonical
sinp

Q:ln(—q—) , P=gqcotp

[6 marks]

QUESTION 6

6. Use the Beltrami identity (F' — y’gg = Constant ) to show that the extremum

a 12
I=/ A g
0 2y

satisfies the differential equation

. 2c—vy
y=\/ .
Y

By making the substitution y = 2csin®#, show that the solution of the differ-

for the integral

ential equation is z = ¢(26 — sin 26) [20

marks]



QUESTION 7

7. Find the curve that minimizes/maximizes the following functions

J

y0) =1, y (12[) =0 [6 marks]

(a)

(U2

(v — cosz)® dz

(b) Find the extremal curve of

I= / 2 + iy + (v3)*)dz

subject to the boundary conditions y;(0) = 1 and y, (%) =2 and y,(0) = 3

and y, (%) is not given. [7 Marks]

(c) )
/121(41/ + 1y?)dz

if y(e) = 0, and y(1) is not prescribed. [7 marks]



