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QUESTION 1

(a) Let S be a nonempty subset of R.

(i) Define supS; [2]

(ii) Prove that if S has an upper bound, then it has a supremum. [12]

(b) Let S be the set S = {1~ % :n € N}. Show that infS =0 and supS =1. [6]

QUESTION 2

(a) (i) Prove that every sequence of real numbers has a monotone subsequence.[8]

(i) Hence, or otherwise, prove the Bolzano Weiestrass theorem. (4]

(b) (1) What is a monotone sequence? [2]

(ii) Show that the sequence defined by the recurrence relation

a1=\/§, Onp = y/0n_1+2 foralln=23,4,...

is convergent, and find its limit. ' 6]

QUESTION 3

(a) Let A be a nonempty bounded set of real numbers. Prove that if infA does
not belong to A, then there exists a decreasing sequence {a,} C A such that

infA < ay, foralln € N. 8]

(b) (i) Define the limit superior and the limit inferior of a bounded sequence of
real numbers. 3]
(i) Using the definition in (i), find

, 1 1 .1 1 1 1
lim sup{~25,0,1,37,~25,0,1,35,-27,0,1,33,.. }.

3]



(c) Let A and B be nonempty subsets of R, and define A + B =
{a+b:a € Ab € B}. Prove or disprove that if A and B are bounded
below, then inf(A + B) =inf A+ infB. 6]

QUESTION 4

(a) Find lim,,. f(z) for each of the following functions and values of ¢:

i@ = 2B if z#5
4 if =25,

zsinl if z#0
f(z) = :
0 if z=0.

[6]

(b) (i) What is meant by saying that a function f(z) is continuous at a point c?
(You may assume that f is defined on an interval (a,b) that contains c).

(ii) Show that if f(z) and g(x) are both continuous at c, then so is their

product. [7]

(c) Which of the following functions is continuous at the point 07 Give reasons for

your answers.

(1)

zsind if z#0
fz) = i
0 if z=0,

(ii) f(z) = [z], where [z] is the integer part-of z. (7]



QUESTION 5

(a) Let f : [a,b] — R and let ¢ € (a,b). What is meant by saying that f is
differentiable at the point ¢? Show that if f is differentiable at ¢, then f is

continuous at c. 7]

b State and prove Rolle’s Theorem. Use Rolle’s theorem to deduce the Mean

Value Theorem for a differentiable function f(z) defined on an interval [a, b].{7]

(c) Use the Mean Value Theorem to show that |sin®z — sin?y| < 2|z — y| for all
z,y €R 6]

QUESTION 6

(a) Let f : [a,b) — R. Explain how the Riemann integral |, : dz is defined using

upper and lower sums. [10]

e . "1 ' . 1,
(b) By considering the integral ‘/1 = dz as n — oo, show that the series Z i

convergent. [10]

QUESTION 7

(a) Suppose that f : [a,b] — R is continuous and F(z) = [7 f(t)dt + c for all
a < z < b. Show that F(z) is differentiable in the interval [a, b], with derivative
DF(z) = (a). 0]

(b) Let g(z) = fozz In(1 + 1/2sint) dt. Show that g is differentiable for all z and
find its derivative. [10]

END OF EXAMINATION



