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QUESTION 1

(a) Part of arailway line (superimposed on a rectangular coordinate system) follows
the line y = —z for z < 0, then turns to reach the point (3,0) following a cubic
curve. Find the equation of this curve if the track is continuous, smooth, and

has continuous curvature. [10]

(b) In each of the following, find the arc length parameter along the curve from the

point where ¢t = O by evaluating the integral
t
s = / {v(7)|dr.
7=0
Then find the length of the indicated portion of the curve.

(i) r(t) = (4cost)i+ (4sint)j + 3tk, 0<t< /2,

(i) r(t) = (et cost)i + (efsint)j + e'k, —-In4<t<0. [10]

QUESTION 2

(a) Find the volume of the ellipsoid

z = apsingcosh
y = bpsingsing

Z = cpcosg,
where a,b,c#0; p>0, 0<6<2r and 0<¢p <. [12]
(b) Find the angle between the planes

z+y=1 and 2r4+y—2z=2.



QUESTION 3

(a) Find the tangent plane and the normal line to the surface 22y + zyz — 22 =1

at the point Pp(1,1, 3). (10]

(b) Give a formula F = M(z,y)i + N(z,y)] for the vector field in the plane with
the properties that F = 0 at the origin and that at any other point (a, b) in the
plane, F is tangent to the circle 22 + y? = a® + b* and points in the clockwise

direction, with magnitude |F| = va? + b2, [10]

QUESTION 4

(a) Express the following in cylindrical coordinates:

(i) gradg;
(ii) divF,
(ii1) the volume element 4V, and

(iv) the Jacobian. (10]

(b) Repeat (a) for spherical coordinates. [10]



QUESTION 5

(a) Find the work done in moving a particle once around an ellipse C in the zy-
plane, if the ellipse has center at the origin, with semi-major axes and semi-
minor axes 4 and 3, respectively. (You may assume that the ellipse is traversed

in the counterclockwise direction). [10]

(3:4)
(b) (i) Prove that / [(6zy® — y®) dz + (62°y — 3zy?) dy] is independent of the
1,2)
path joining (1, 2) and (3,4).

(ii) Evaluate the integral in (i). [10]

QUESTION 6

(a) Evaluate / / A-1dS, where A = zyi — 2% + (z + 2)k, S is that portion of the
s
plane 2z 4 2y + z = 6 included in the first octant, and i is the unit normal to

S. [10]

(b) Verify the divergence theorem for A = (2z — 2)i + 22yj — z2%k taken over the
region bounded by z=0,z=1,y=0,y=1,2=0, 2= 1. [10]

QUESTION 7

(a) (i) Prove that a necessary and sufficient condition that A; dz+ A, dy+Asdz =
d¢ is an exact differential is that V x A = 0, where A = Al + Aol + Asi.
(ii) Show that for the case in (i),

T2,Y2,22

Z2,Y2,22
/ [A1dz+ Ay dy+Asd2] = / d¢ = ¢(:B2,y2,z2)—¢(:£1,y1,z1)
I1,¥1,21 T1,41,21

[12]

(b) Verify Stokes’ theorem for A = 3yi — :sz + ysz{, where S is the surface of the
paraboloid 2z = 22 + y* bounded by z = 2 and C is its boundary. 8]
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