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QUESTION 1

(a) Negate the following statement: “The function f of one variable is a convez
function if and only if for all real numbers z and y and for all real numbers ¢

with 0 < ¢ < 1, it follows that f(tz + (1 —t)y) < tf(z) + (1 —t)f(y).” 6]
(b) Which of the following statements are true?

(i) The square root of any integer is a non-negative real number.

(ii) If z < 1, then 22 < 1. 6]
(c) For each of the following statements, write the converse and the contrapositive:

(i) A quadrilateral is a parallelogram if its opposite sides are parallel.

(ii) Congruent triangles are equal in area. 8]

QUESTION 2

(a) Prove that in any set of n distinct integers, there must be two whose difference

is divisible by n — 1. [10]

(c) Define

(i) a partially ordered set,

(ii) a totally ordered set. [7]

(d) Give an example of a partially ordered set that is not totally ordered. [3]



QUESTION 3

(a) Define an order on the set Z. 2]
(b) Prove that there is no integer between 0 and 1. (5]

(c) Prove that a set S of positive integers which includes 1, and which includes

n + 1 whenever it includes n, must include every positive integer. [5]

1
(d) Prove by induction that > o r? = gn(n +1)(2n + 1).

Deduce formulae for

(i) 1.14+23+35+4.7+...+n(2n —1) and

(i) 12+32+ 5%+ ...+ (2n—-1)2

QUESTION 4

(a) The Fibonacci sequence is a sequence of integers uy, us, . .., Un, Un+1, - - ., SUCh

that u; = 1, us = 1 and

Until = Up + Un—1

foralln > 1. The beginning of this sequenceis 1, 1, 2, 3, 5, 8,13, 21, 34, 55, 89, 144, . . ..

Prove by strong induction that for all positive integers n,

Un

(@™ = 87),

i
S Sl

and g =

where o=

[12]



(b) Suppose that Canada Post prints only 3 cent and 5 cent stamps. Prove that
it is possible to make up any postage of n cents using only 3 cent and 5 cent

stamps for n > 8. 8]

QUESTION 5

(a) Let z = 0.a;0003. .., where for n = 1,2,3,.. ., the value of a, is the number 0,
or 1, or 2, or 3 which is the remainder on dividing n by 4. Is x rational? If so,

m : .
express z as a fraction p where m and n are integers with n # 0. 8]

(b) Prove that between any two different irrational numbers there is a rational

number and an irrational number. [12]
QUESTION 6
(a) (i) Define an equivalence relation. 2]

(i) Show that the relation
R={(z,y) €ZxZ:z=y (mod3)}
is an equivalence relation. What are the equivalence classes of R7  [12]

(b) (i) Define the composition f o g of any two functions f : R — R and
g:R—R. ' 2]

(i) Let f: R — R and g : R — R be the functions defined by f(z) =sinz

and g(z) = 22 + 2 for all z € R. Determine (f o g)(z) and (g o f)(z). [4]

QUESTION 7

(a) State and prove the Fundamental Theorem of Arithmetic. [12]

(b) Prove that there are infinitely many primes of the form 3k + 2, where k is an

integer. 8]
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