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Question 1

(a) Give the definition of each of the following
(i) A vector space
(ii) An orthogonal matrix
(iii) A symmetric matrix
(iv) A skew-symmetric matrix
(10 marks]

(b) Let V' be all ordered pairs of real numbers. Define addition by (z1,y1) +

(z2,y2) = (z1 + 2 + 1,y1 + y2 + 1) and scalar multiplication by a(zi,31) =
(11, a?y)
Determine whether V' is a vector space. (10 marks]

Question 2

(a) Determine whether the following mappings are linear transformations
[ xt+y—=z
- 2z+y

T
(i) T:R3 - R?definedby T | y
Z
T
(i) T:R® — R? deﬁnedbyT(y) ("”“)
4

4
(10 marks]

(b) Prove that the set B = {22+ 1,z — 1,22+ 2} is a basis for the vector
space Py(z), where Py(z)— denotes all polynomials of degree < 2 and the zero
polynomial.

[10 marks]
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Question 3

T
— 9 _ r+y+=z
(@JT:R° =R bedeﬁnedbyT(Z)—(z+2y+3z>

(1) Find the standard matrix for the transformation 7'
(ii) Find the matrix relative to the R— bases

B= {ul = (1) laO)aUZ = (Oa 1, l)au3 = (Oa 0, 1)}

and
B! = {v; = (1,2),v2 = (1,3)}

for R? respectively

[6 marks]
(b) Verify the Cayley-Hamilton Theorem for the following matrix
1 2 3
2 -1 5
3 2 1
Question 4
(a) Find the eigen values and eigenvectors of
1 2 -1
A=11 O 1
4 —4 5
[10 marks]

(b) Let S = {u1,ug,us,us} where

1 0 0 1
0 1 2 0
=14 w2=1 =19 =1
0 2 1 1

Show that the set S is a basis for R*
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Question 5

(a) Solve the following systems

(i)
2214+ 222 +3z3 = 3
4y + T2+ Tz3 =

49 — 211 4+ 5z3 = -7
(i)
1+ 329 — 223 —4x24 = 3
2z, + 6z — 723~ 1024 = -2
—T)— 29+ 5z34+9z4 = 14
[10 marks]
4
(b) (i) Show that the vector v = 2 is a linear combination of u; =
—6
(4a 2, —3)T uz = (23 1» '—2)T and uz = (_2a -1, O)T
[5 marks]

(ii) Show that u; = (1,1,1,1)T,us = (1,0,0,2)T and u3 = (0,1,0,2)T are
linearly independent

[5 marks]
Question 6
(a) Determine whether the following has a non-trivial solution
T1+2o+z3+z4 = 0
221+ 292 —23+2x4 = 0
3r; + 229 +223+224 = 0
[4 marks]

(b) Prove that if A and B are both nonsingular n x n matrices, then AB is
also nonsingular and (AB)~! = B~14~}
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[4 marks]
(c) Find the inverse A~! of the following matrix A in two ways.
(i) using the augmented matrix [A]I] [6 marks]
(ii) By computing a product E,E,_; - -+ E3 E; elementary matrices [6 marks]

1 1 1
A=1 2 3 1
1 -1 -2
(a) Let B! = {v1,v9,vs} and B = {u;,us,u3} be ordered bases in R® where
0 1 1
vp=1{ 2 vpy=1| 0 vy = -1
1 2 0
1 1 1
uy=1| 0 U = 1 ug = 1
0 0 1

Find the transition matrix from B! to B

Question 7

[10 marks]

(b) Prove that if a homogeneous system has more unknowns than the number

of equations, then it always has a non-trivial solution.
[10 marks]
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