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QUESTION 1

(a) Write the equation of continuity for a fluid of density p

moving with velocity q. [2 marks]
(b) What are the two main characteristics of potential flow? [2 marks]
(c) Which two methods are mainly used to describe fluid motion? [2 marks|
(d) Write down the equation for total acceleration of a

fluid particle. [2 marks]
(e) Define a streamline. [4 marks]
(f) Find the vorticity and rotation for a fluid motion with

velocity q = (—ay, az,0) where a is constant. [4 marks]
(g) A velocity field is given by q = zi — yj;

Obtain an equation for the streamlines in the zy plane. [4 marks]

QUESTION 2

(a) Verify that the velocity field q = z2i — 2zyj could describe the flow of an

incompressible fluid. If the fluid is inviscid and the body force per unit
mass is F = —zy% + z2yj, show that the pressure distribution
is given by [10 marks]
p=po - £22(a* + )
Fluid flows out of a circular tank of radius A though a small circular hole
of radius a located in the bottom of the tank. Assuming that the flow is
steady and that the pressure both at the free surface and the exit hole is
atmospheric, show that the time T required to empty the tank
is given by [10 marks]

4 3 3
a g

where the height h = hy when ¢t = 0 and g is acceleration due to gravity.



QUESTION 3

3. (a) At a point in steady, incompressible fluid having cylindrical coordinates

(r, 8, 2) the velocity components are
(r?cosf, —3r®sin#, 0).

Determine whether or not the equation of continuity is satisfied, and if so,

find the equations of streamlines. [10 marks]

(b) Consider the motion of a fluid between two parallel plates. If the lower
surface is held fixed and coincides with the surface y = 0 while the upper
surface, located at y = 1 is moved with a constant speed « in a plane par-
allel to the z-axis. Assuming that the motion of the fluid is predominantly

parallel to the z-axis, i.e q = (@(y),0,0).

i. Determine the velocity profile @(y) of the fluid motion.  [10 marks|

QUESTION 4
4. Consider the boundary layer equations in the form [20 marks]
oo o
u% + 'u%;- = Ug—;% —au (2)

with boundary conditions

[

u=ar , v=—(ra)? ony=0 and u=0 on y=o00

1
. a\2 .
Using the similarity transformation 7 = (—) ’ y and the stream function formu-
v ,

lation 9 = —z(va)? f(1) where a is a constant and v is the dynamic viscosity,

Show that equation (2) and the boundary conditions can be transformed into
flll+ffll _ (fl)2 __fl — O

f=1, ffl'=1onp=0 and f'=0 onnp=c0



(a)

(b)

()

(a)

QUESTION 5

Find the stream function and velocity potential corresponding to the fol-

lowing complex velocity potential

a?\ m
w(z) =U (z + —z—> + o In(z — 2a)
[7 marks]

Find the stream function corresponding to the velocity field
g =cosf +2rsin26, gy = —sinf + 2r cos26

[7 marks]

Show that the complex velocity potential corresponding to the velocity

field
q=3(y* — z%)i+ 6zyj is w(z)= z?

[6 marks]
QUESTION 6

An infinite row of line vortices, each of strength m > 0, are placed at the
points
z=0,=a,x2a,13a,...,2na
where q is a real positive number. Show that the complex potential for the
flow is
w(z) = zzl:— log sin % + constant
(12 marks]

N.B: You may use, without proof, the result

sinE=7—rf(1—E) (1+f) (1—1) (1+i),..
a a a a 2a 2a

The velocity potential for a steady incompressible, irrotational flow with
circulation around a fixed cylinder of radius a is given in cylindrical polar

coordinates by



2
¢=Ur<1+%)cos0+ﬁ
r 27

where U is the uniform speed at infinity. Find the corresponding velocity

field q and stream function 9. (8 marks]
QUESTION 7

In the z = z + iy plane, a line vortex of strength m > 0, is placed at
z = ¢ and another, of strength —m, at z = —c, where c is a real positive
number. Both vortices are held fixed at these locations. Write down the
complex potential w for this flow and show that the stream function ¢ and

the velocity potential ¢ are given by

(z—c)+y°

m
et e v

47 and

m _ 2cy
= ~——t 1___®
¢ o o 2 4y —c?
hint: You may set z — ¢ = r1e'®* and z + ¢ = e, and
A+B>
1-AB

A container is formed by rotating the curves z = % about the vertical

use tan™! A +tan™! B = tan™! ( [10 marks]

z-axis. The container is filled with liquid to a depth h. At time ¢t =0 a
small hole of radius £ (n being very large) is opened at the bottom so that

the liquid drains out. Let z(t) be the depth of liquid remaining at time t.

Show that
dz 292
dt a4 niz? — g2

and hence show that, approximately

2(t) = (ha/z _ %%_25)2/3

[10 marks]



