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M411 SUPPL EXAM 2006

1. (a) It is known that the variables z and y are related by the equation
y =k(z —5.3)

where k is a physical constant. If points (2,7), (4,9.4), and (6,12.3) are
observed, use the least squares technique to obtain an approximation for k.

[10 marks]

(b) For Chebyshev polynomials, prove each of the following statements:

0, i#j
(T, Tj)={ m i=j=0
1 i=j>0

(10 marks]

2. (a) Show that the family of trigonometric functions {¢;(z)}52,, where ¢;(z) =
sin jz, is orthogonal on [0, 27] with weight function w(z) = 1. Also calculate

l;ll-
[10 marks]

(b) Hence, for f(z) € C[0,2n], determine ap and a; such that p; = ap +
a1 sin z minimizes

@) - @) .

[10 marks]

3. (a) Convert the initial value problem |
y'+2 -y -2y =¢",  y(0)=1, y'(0)=2, y"(0) =0,

to a first-order system u' = f(z, u).
[8 marks]

(b) Apply the modified Euler method

h
Yn+l = YUn+ 3 {f(Zn,yn) + f(Zn41,Tn1)}
Yny1 = Unt hf(zn, Yn)

to the system in (a) with A = 0.1 to obtain an approximation to u(0.1).
[12 marks]



4. (a) Use the Gram-Schmidt procedure to calculate L, and Ly, where {L,, L1, Ly}
~ is an orthogonal set of polynomials on (0, 00) with respect to the weight func-
tion w(z) = e™* and Ly(z) = 1.

[10 marks]

(b) Discuss consistency, zero-stability and convergence of the linear multi-
step method

h
Yn+2 = 2Yn — Ynt+1 + 5{5fn+1 + fa}

[10 marks]

5. (a) Consider the standard initial value problem ¥’ = f(z,y), ¥(0) = yo. We
would like to construct a numerical method from the quadratic interpolant
Py(z), of f at the equally spaced nodes Zn+1, Znt2 and Tpi3.

(a) Write down the Newton form of P, in forward difference form.
[6 marks]

(b) By integrating between z,, and z,4, derive the method

4h
Ynt+4 = Yn + ? {2fn+3 = fag2+ 2fn+1}

[10 marks]

(c) Prove that this method is order 4, and find the leading term in the local
truncation error.

[5 marks]

6. Consider the following Poisson equation over the square region
{{z,y): 0<z<1,0<y<1}

Uz + Uyy =T

1
u(z,0) = u(z,1) = gxa; 0<z<1;
1
u(0,9) =0, u(ly)=¢; 0<y<l
(a) Using h = k = 1/3, write down the corresponding difference problem

based on the five-point formula, stating the boundary conditions in terms of
the mesh points.

[5 marks]

(b) Determine the system of equations to be used to solve the problem.
[15 marks]



7. Consider the initial-boundary problem for the parabolic differential equation

ou 0%
2ot <z< t
5~ 33 =0 0Sz<l >0

u(0,t) =0, wu(l,t)=0, t>0
u(r,0) =cos2rz, 0<z<1

(a) If an O(k? + h?) numerical method is constructed using the central
difference quotient to approximate u; and the usual difference quotient to
approximate u,z, show that the resulting difference problem is

Uigjir = Uij-1 + 2A(Uir15 — Uij + ui-15),
defining A appropriately.
[8 marks]

(b) Give a sketch of the configuration of points involved in the computation
of the solution at an internal grid point (z;,t;).

[4 marks]
(c) Show that the method has the matrix form
ul ) = ul-1 4 Au0) foreach j=0,1,2,...
where ul) = (u1,j,Uzs- -, Um—1,)T and A is a tridiagonal matrix.
[8 marks]
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