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Question 1

(a) Find all the subgroups of Z;5 and draw the lattice diagram. [10 marks]
(b) Let G and H be groups, ¢ : G — H be an isomorphism of G and H and

let e be the identity element of G. Prove that (e)y is the identity in H and that
[(@)p]™! = (a~1)y for all a € G. [10 marks]

Question 2

(a) Prove that a non-abelian group of order 2p, p prime contains at least one
element of order p. [6 marks]

(b) Consider the following permutations in S
{123 456 (12 6
P=\3 1456 2 7=\ 2 4 5

Compute
(i) po (ii) p? (iii) p~? (iv) p~2 (v) op?
[10 marks]

4 3 45
5 1 36

(c) Write the permutations in (b) as products of disjoints cycles in Se.
[4 marks)

Question 3

(a) (i) State Cayle’s theorem. [4 marks]

(ii) Let (R*,-) be the multiplicative group of all positive real numbers and
(R, +) be the additive group of real numbers. Show that (R*,.) is isomorphic to
(R, +).

[6 marks]

(b) (i) Find the number of generators in each of the following cyclic groups Zzg
and Zgs. [5 marks]

(ii) Determine the right cosets of H = (4) in Zg. [5 marks]
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Question 4

(a) Show that Z, bas no proper subgroup if p is prime.

[6 marks)]
(b) Show that if (a, m) =1 and (b, m) =1 then (ab, m) =1, a,b,m € Z.
[6 marks)
(c) Prove that every group of prime order is cyclic.
[8 marks]
Question 5
(a) (i) Define the notion of a “normal subgroup” of a group.
[4 marks]
(ii) Verify that H = {(1), (123), (132)} is a normal subgroup of 5.
' [6 marks]
(b) Prove that every subgroup of a cyclic group is cyclic.
(10 marks]
Question 6
(a) Show that (Z9, -) is cyclic and give all generators of the group.
' [5 marks]

(b) Prove that, if the order of a group G is p?, where p is prime, then every proper
subgroup of G is cyclic.
[5 marks]

(c) (i) Express d = (2190, 465) as an integral linear combination of 219 and 465.
' [5 marks]

(ii) Solve the follovs)ing

3z = 5(mod 11)
[5 marks]
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Question 7

(a) For each binary operation * defined on a set G, say whether or not * gives a
group structure on the set. '

(i) Deﬁne'* on G =Q7 by
a*bza?b V a, beG=Q".
[6 marks]
(ii) Define * on G = R by
axb=ab+a+bdb V a,beG=R.

[6 marks]

(b) Show that Zg and S3 are NOT isomorphic and that Z and nZ are isomorphic.
[10 marks]

*xkaxexk END OF EXAMINATION *+¥xsxxs



