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Question 1

(@) Let x =(11111....11), be a binary number with 7 1s. Convert X into its decimal equivalent.
[S marks]
(b) Demonstrate how you would reformulate the following computation so as to avoid loss-of-

significance error:

-X

e’ -e
=—, %<0
f(x) 7 ) "
[S marks]

(c) The iteration x,,; = 2-(1+c)x, + c.x?l will converge for sufficiently close x, to s = 1for

some values of ¢. Find the values of ¢ for which this is true. For what value of ¢ will the
convergence be quadratic?

{10 marks]
Question 2
(a) Consider the iterative scheme
2
x (x:+3a
Xpq = ————"(; ), a>0.
3x, +a
(i) Showthat s = «/Z is the positive fixed point of this scheme.
[3 marks]
(i) Assuming convergence to S, find the order of this method, together with its asymptotic error
constant.
[S marks]
2 -1 0
(b) Factorthematrix A=| -1 2 —1 |intoits LU decomposition, and hence solve the
0o -1 2
linear system
2x, — X, =>53
—-x; +2x, —x, =8 -5
— x4k, =
[12 marks]
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Question 3

(a) Let § be aroot of multiplicity p> 2 of f, where f is continuous, together with its first
p +1 derivatives. Prove that the fixed point method

_ S)
TP Gy

converges quadratically, and find its asymptotic error constant.

xn+1 =X

{10 marks]

(b) The function f(x)=x*-5x*+9x> —7x+2=(x~1)*(x—2) hasroots X, =1 and
X, =2. Using x, = 2.1 and x, = 0.9, perform one step of the Newton-Raphson method

for each starting value. Compute ls - x,| in each case.

Apply the secant method once with x, = 0.9 and x;, =1.1 to obtain x,. Compute

| X -x, I , and briefly explain your observations.
[10 marks}

Question 4

2h
Suppose an approximation to L f(x) dx is sought,and f(x) in [0, 2A] is approximated by the
linear function through the TWO points (0, £ (0)), and (A, f(h)).

(i) Write down the Lagrange representation of the polynomial that interpolates f at the two

points (0, £(0)), and (h, f(h)).

[4 marks}

(i) By integrating the polynomial in (i) above between O and 2/, prove that the desired
quadrature formula is simply

I~T=2hf(h).
[8 marks]

(iii) Show, using Taylor series expansions about a suitable point, and assuming f € C*[0,2h],
that the quadrature error is given by

3
I-T =—h3—f"(c), c €[0, 2h].
[8 marks]
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Question §
(a) Use the definition of the derivative at x,, to show that if 4 is sufficiently small, then

f'(xo)ziAf(xo).

Extend this argument to show that

f"(xo)zf;Az £x0).

(b) Given the data [10 marks]
X S(x)
2 -1
-1 3
0 1
1 -1
2 3

Construct a forward-difference table, and hence deduce the polynomial of degree <4 that interpolates f°
at these points.
[10 marks]

Question 6

1
(a) Evaluate the integral L xe™* dx analytically correct to four decimal places. Use the trapezoidal

rule with 4 = 0.2 and Simpson’s rule with 4 = 0.25 to compute the same integral. Compare the

errors.
[10 marks]
(b) Find constants c,, ¢, and X, so that the quadrature formula
1
[ ) de=co f(O)+c,f(x)
is exact for polynomials of as high a degree as possible.
[10 marks]
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Question 7
(a) Use the two-point Gaussian Quadrature rule,
! -3 V3
[ fo axrp| == (+7] 2],
1 3 3
to approximate the integral
_Ll xe ™ dx.

and compare your result against the exact value of the integral.
(10 marks]

(b) The positive root of f(x)=a — fx*—x with @, B> 0 is sought and the simple iteration

X, =a—fx : is used. Show that convergence will occur for sufficiently close starting value,

provided

3
af<-—.
F 4

[10 marks]

4000006 END OF EXAM 600000
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