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QUESTION 1

(a) In cylindrical coordinates (r, 0, z), the position vector of an arbitrary point (z,y, z)
is given by
R = rcos 0i + rsin ) + 2k
Show that, in this coordinate system
(i) the velocity is given by
dR .

v= v =7t + rld + sk
[6 marks]
(ii) the acceleration is given by
a= % = (¥ — r6®)F + (rf + 270)0 + 3k
(4 marks]

(b) Find the equation of the plane that contains the point (2,1,0) and has a normal
vector n = (1,2, 3). [6 marks]

(c) For what values of g are A = ai — 2j + k and B = 2ai + aj — 4k

perpendicular. [4 marks]



QUESTION 2

(a) The force acting on a particle of mass m is given in terms of time ¢ by
F = acoswti + bsinwtj

If the particle is initially at rest at the origin, prove that the position at any later
time is
r a (1 — coswt)i+ b (wt — sinwt)j
== —— _— w — —_
T mw? muw? J

[6 marks]

(b) A lift ascends 400 metres in 2 minutes traveling from rest to rest. For the first
30 seconds it travels with uniform acceleration, for the last 20 seconds with uniform

retardation and for the rest of the time it travels with uniform speed. Calculate

(i) the uniform speed in metres per second; [4 marks]
(ii) the uniform acceleration in metres per second squares [5 marks]
(iii) the time taken by the lift to ascend the first 200 metres. [5 marks]
QUESTION 3

(a) A particle of unit mass is thrown vertically upwards with initial speed V, and the
air resistance at speed v is kv? per unit mass where k is a constant. Show that H,

the maximum height reached, is given by

: 2
He ‘o (M)
2K g

[10 marks]
(b) Evaluate
f(Qm — y*)dz + (3y — 4z)dy

around the triangle in the zy-plane with vertices at (0, 0), (2,1), (2,0} traversed in

the clockwise direction. [10 marks]



QUESTION 4

(a) Suppose that a point A has position vector a and a point B has position vector
b. Show that the position vector r of the point R that divides the line AB in the

ratio o : § is given by

Ba+ ab
r=——oH—0H—,
a+ B

Hence, deduce the midpoint formula. [7 marks]

(b) If r(t) = acos(wt) + bsin(wt), where a and b are constant non-collinear vectors

and w is a constant scalar, prove that
d
i) rx d—Z:w(ax b)
(i) — +w’r=0. [8 marks]
(c) If ¢ = 2%y2z® and A = zzi — y?j + 22°yk, find

div(dA)

[5 marks]



QUESTION 5

If

r(t) = 4sint + 4 cost] + 8k,
find
(a) the unit tangent vector T [5 Marks]
(b) the curvature & [5 Marks]
(c) the unit principal normal N [5 Marks]
(d) the unit binormal vector B. [5 Marks]
QUESTION 6

(a) (i) Show that A = (6zy? — y?)i + (6z%y — 3212)] is a conservative vector field,
and hence find the value of the integral I = f((13:,24)) A dr. [7 marks]

(ii) If F = (2z +y)i+ (32 — 2y)], find Jc F.dr,where C is the straight line from
(0,0) to (2,2). [4 marks]

~
.

(b) Verify Green’s theorem in the plane for the vector field (z? — zy®)i+ (y° — 2zy)j
for a square with vertices (0,0), (2,0), (2,2), (0,2). [9 marks]



QUESTION 7

(a) From a point O, at height h above sea level, a particle is projected under gravity
3 : : _
with a velocity of magnitude —z-\/gh. Find the two possible angles of projection

if the particle strikes the sea at horizontal distance 3h from 0. [10 marks]

(b) Two points A and B are at distance d apart. A particle starts from A and
moves in the direction E with initial velocity u and uniform acceleration a. A
second particle starts at the same time from B and moves in the direction B4

with initial velocity 2u and retardation a.

(i) Prove that the particles collide at time % from the beginning of the mo-

tion. [5 marks|

(ii) Prove that if the particles collide before the second particle returns to B,
then

ad < 1242

[5 marks]



