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QUESTION 1

(a) Prove that in any set of n + 1 pairwise distinct integers, there must be two

whose difference is divisible by n. (7]

(b) Prove, by the contrapositive method, that if no angle of a quadrilateral RSTU
is obtuse, then the quadrilateral RSTU is a rectangle. 6]

(c) (i) Show that if r is a nonzero rational number, then r+/7 is an irrational

number. (4]

(ii) Using the result in (a), or otherwise, show that /28 is irrational. [3]

QUESTION 2

(a) Let p; and p; be distinct prime numbers. Prove that the real numbers ,/p;+ /D2
and ,/p; — /P; are irrational. [10]

(b) Prove that the square root of a natural number is rational if and only if the

natural number is a perfect square. [10]



QUESTION 3

(a) (i) Define a square-free natural number. [2]

(ii) Let b and m be two natural numbers such that b is square-free and m? is

divisible by b. Prove that m is also divisible by b. 8]
(b) Prove that the square root of any prime number is irrational. (10]
QUESTION 4

(a) Suppose you want to show that A = B is false. How should you do this? What
should you try to show about the truth of A and B? 2]

(b) Apply your answer of part (a) to show that the statement “If z is a real number

that satisfies —3z2 + 2z + 8 = 0, then z > 0” is false. (3]

(c) Write the negation of the statement: “The real-valued function f of one variable
is continuous at the point z if and only if for every real number ¢ > 0, there

is a real number 6 > 0 such that, for all real numbers y with |z — y| < 4,

f(z) - f¥)l <& [5]

(d) Prove that if a, b and ¢ are integers for which either a divides b or a divides c,

then a divides the product be. [4]

(e) Work out 1,1+ 8,1+8+27, 1+ 8+27+64. Guess a formula for ) -_, 73 and
prove it. [6]



QUESTION 5

(a) Describe a modified induction procedure that could be used to prove statements

of the form:

(i) For all integers n < k, P(n) is true, where P(n) is a statement containing

the integer n. (3]
(ii) For all integers n, P(n), where P(n) is as in (a). [4]
(iii) For every positive odd integer, something happens. (3]

(b) For all non-negative integers n define the number u, inductively as

Ug = 0.,
Ugyl = Uk + 3k for £ > 0.
Prove that u, = n3"! for all non-negative integers n. [4]

(c) If f(n) = 32" + 7, where n is a natural number, show that f(n + 1) — f(n) is
divisible by 8. Hence prove by induction that 3%" + 7 is divisible by 8. 6]

QUESTION 6

(a) Prove that a real number is rational if and only if its decimal representation is

repeating. [10]

(b) Suppose that ag.ayazas ... and by.b1bobs ... are two different decimal represen-
tations of the same real number. Prove that one of these expressions ends in

9999... and the other in 0000.... [10]



QUESTION 7

(a) State and prove the Fundamental Theorem of Arithmetic. [12]

(b) Prove that there are infinitely many primes of the form 4k + 3, where k is a

nonnegative integer. (8]
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