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Question 1

(a) Define the vector space. [4 marks]
(b) Show that the set B = {Uy,Us, U3, Uy} where
1 0 0 1
0 1 2 0
Ui=| Uy = 1 Us 5 and U= 0
0 2 1 1
is a basis for R*. [8 marks]
(c) Verify the Cayley-Hamilton theorem for the following matrix
1 2 3
2 -1 5 ].
3 21
[8 marks]
Question 2
(a) Find a sequence of elementary matrices Fy, Fy,- - -, E, such that
A=E.E, ---EE [ie. E'E;'...E7'A=1I]:
1 20
A=|1 2 0 |.
01 2
[4 marks]
(b) Find the inverses of the following matrices
2 21 4
{311 [4 marks]
1 11

1 1 1
(ii) ( 1 1 -1 ) [4 marks]
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2 (c) Use the results of Question 2(b) to solve the following systems of equations

(1)

2x+2y+z = 1
Jz+y+z = 2
z+y+z = 2
[4 marks]
(i)
Ty+zo+23 = 3
T+ 29 —23 =
] —xz9—23 = 1
[4 marks]

Question 3

(a) Prove that if a homogeneous system has more unknowns than the number of
equations, then it always has a non-trivial solution.

[10 marks]

et By = (U;,Uqs, U3} an 9 = {V1,V2,U3} De bases in R, where
(b) Set B {U1,Usz,Us} and B { } beb in R3, wh

) = (8) ()
() =) ()

Find the transition matrix from B; to Bs.

and

[10 marks]
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Question 4

(a) By inspection, find the inverses of the following elementary matrices

120 10 3 00
(i)(O 1 0) (ii)(O 1 0) (iii)(Ol
00 1 00 1 10

100607
1 0 0 01000

(ivy | 0 -2 0 (v{ 00100 [10 marks]
(0 0 1) 00010
00001

(b) Prove that the set B = {z>+1, z — 1, 2z + 2} is a basis for the vector space
Py(z) where

Py(z) - all polynomials of degree < 2 and the zero polynomial.

[10 marks]
Question 5
(a) Solve the following systems
(i)
2z+2y+3z = 3
dz+Ty+ 7z =
4y -2z +5z = -7
[5 marks]
(i)
Ty + 329 — 223 — 414 = 3
21+ 6z9 — 723 — 1034 = —2
-1~ Tp+5z34+9%, = 14
—3z; —5z9+ 1524 = —16
[10 marks]

(b) Prove that if A and B are both invertible n X n matrices, then AB is also
invertible and (AB)~! = B~1A~L. [5 marks]
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Question 6

(a) Which of the following are linear transformations?

z T+y
(i) T : R? - R3; T ( ) = 3y [5 marks)
y 2z —y
ii) T : R2 - R?; T(*)=(% 5 marks
Y Y
b) Find the standard matrices for the following linear transformations
(b) g
:1; +z
(i) T : R® —» R? T| vy =<z—z) (5 marks]
2 Y
T
T
(ii) T : R® —» R%; T ( y ) = Z [5 marks]
z T+ =z

Question 7

(a) Find the eigenvalues and the corresponding eigenvectors for the following ma-

trix
1 2 -1
A=11 0 1
4 -4 5

(b) For which k does the following system have only the trivial solution?

(10 marks]

kx+y—-3z = 0
(k—=Dz+ky+z =
3z+(k—1ly+kz = 0
[10 marks]

#kxekek END OF EXAMINATION ¥¥+xes.



